The Royal Aeronautical Society 


(FOUNDED 1866) 


with which is incorporated The Institution of Aeronautical Engineers 


No. 236. AUGUST, 1930. Vol. XXXIV. 


PROCEEDINGS 
SIXTH MEETING, First HALF, 65TH SESSION 


In the Chair: THE PRESIDENT, COLONEL THE MASTER OF 
SEMPILL 


The Sixth Meeting, First Half, 65th Session of the Royal Aeronautical 
Society, was held in the Lecture Hall of the Royal Society of Arts, 18, John 
Street, Adelphi, London, W.C., on Thursday, December 12th, 1920. 

The CHAIRMAN, in introducing the lecturer, said: Gentlemen,—-It is a 
particular pleasure this evening for us to welcome here Dr. Rosenhain, who has 
so many claims to be delivering this important lecture to-night. It is not very 
often that we have the privilege of welcoming a lecturer who is a Fellow of the 
Royal Society, but in addition to that distinction, he is also the President of 
the Institute of Metals, and the Superintendent of the Metallurgical Department 
at the Nationa! Physical Laboratory. Dr. Rosenhain took on that position in 
1906, and started with a very small staff; at the present moment he has a staff 
working under him of little short of a hundred, and the reputation of the work 
that is done by that department is known all over the world. From the aircraft 
standpoint we have benefited greatly by Dr. Rosenhain’s work, both from the 
point of view of aircraft development and the aero engine. I hope that to-day 
Dr. Rosenhain may be able to give us some forecast as to the class of materials 
not yet available, but to be available in the not distant future in a commercial 
sense for aircraft construction. 
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The invitation which you, Mr. President, were good enough to issue to 
me some months ago really amounted, I am afraid, to a’ request that I should 
come here to prophesy. My reply was that it was not possible, or at any rate, 
I did not propose to undertake it. All one could do was to follow the recent 
development of materials for aircraft purposes as well as possible in order to 
see the general tendencies of that development and those which seemed likely 
to be followed in the near future. But even with regard to that limited degree 
of forecasting, | must warn you that it is undertaken with every possible re- 
servation, and for this reason, that while one may be able to foresee to a certain 
extent a number of feasible lines of advance, there have always been in the 
past history of all branches of technology unexpected developments which no 
man could foresee, and which I personally make no pretence of being able to 
visualise. Therefore 1 would ask you to look with more confidence on what I 
have to say about what has been and what is, than about what may be. 

I propose to deal with my subject in a broad way. I do not propose to 
give many figures relating to the properties of available aircraft materials. That 
subject has been dealt with quite recently so far as alloy steels are concerned, 
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by Dr. Hatfield and, from a different point of view, by Dr. North, Dr. Aitchison 
and others, and there have been many publications, both here and in America, 
which have dealt with it exhaustively. 

I shall look at the matter from rather a different angle, and consider not 
so much the individual materials at present used, or likely to be used, as the 
properties which are required in the future. 

Aircraft construction makes exacting demands upon materials. These 
are of fundamental importance, because upon them the reliability, the 
performance and the safety of aircraft depend. I may perhaps be forgiven for 
saying that not sufficient attention has always been given to that point ol 
view in connection with aircraft construction. If we devoted more attention to 
materials, to accumulating more knowledge about the things that matter and the 
things that do not matter, we could improve both the reliability of our materials 
and subsequently reduce the price we have to pay for them. We have to take 
a great many precautions to-day on a basis which is by no means secure, ana 
wherever there is insufficient knowledge it has to be paid for by excessive pre- 
cautions, and consequently excessive cost, 

The requirements of aircraft from the point of view of the metallurgist are 
both a joy and a sorrow. They are a joy because they give him the opportunity 
of trying to find and produce better things without the very strict commercias 
limitations of cost which have necessarily hampered him in other directions. It 
is true that these requirements are exacting and difficult to meet, but up to a 
certain point they have been met with success. On the other hand, the require- 
ments of aircraft are a sorrow to the metallurgist because of the great difficulties 
of meeting these exacting requirements continuously, uninterruptedly and always 
reliably. This becomes a burden and a task, although it is one which the metallur- 
gist bears quite cheerfully. 

What are the properties required? [| do not propose to attempt an ex- 
haustive analysis. I have simply chosen those which appeal to me as perhaps 
the easiest to discuss, and if some have been omitted, that is a question ot 
the point of view. 

We naturally think of strength as the first thing wanted in aircraft material, 
and particularly a high strength/weight ratio. But what exactly do we mean 
by “‘ strength ’’?) We have grown accustomed to estimate strength in terms of 
tensile breaking stress, and I do not think we can make a worse mistake than 
by perpetuating that habit too much. It does not foilow that because one 
material has a higher strength, or even a higher elastic limit or yield point, 
therefore it is better than another which has those properties in a smaller degree. 
Then, what is it that is measured in the so-called resistance to impact? If we 
take a bar of antimony, and a bar of hardened steel and make an Izod test om 
both of them, the same zero result is found in both cases. Again, one might 
estimate strength in terms of resistance to fatigue, and there one might perhaps 
be on safer ground, But even then we should only be estimating one aspect 
of our material. The term strengeth,’’ therefore, is one we should not use 
lightly, nor confine its meaning to tensile strength. 

What is the position? We have in the alloy steels a group of materials 
which have attained a very high ratio of tensile strength to density. If we take 
the specific gravity and the strength in tons per square inch, and divide one by 
the other, a figure is obtained for which some time ago I suggested the term 
** specific tenacity,’’ which, say with an 80-ton steel, gives a value of 10. With 


specially treated materials this figure can be raised to 11 or 12, but when this 
is done, there is an important loss of ductility. The question is, have we reached 
the limit in alloy steels? A very eminent steel maker yesterday remarked to 
me that he thought the chances of finding stronger alloy steels than those used 
to-day were remote, and I agree that by the methods in vogue hitherto, it is 
unlikely that higher strength will be attained, but I think that we are as yet 
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but at the threshold of our knowledge of the real cause of strength in our materials, 
and when that knowledge is further advanced, when we can see a little more 
deeply into the inside of things, into the way in which the atoms of a metal hold 
together, then, I think, we may find that a whole new era of metals may oper 
up before us, even in connection with steels. It is true that we can by heat- 
treating an alloy steel harden the metal up to a point, very nearly as high as 
we can reach by severe cold-working. The best of the alloy steels are 
essentially iron strengthened in various ways—iron strengthened, not because 
it has been mixed with something stronger, but because the inner structure and 
constitution of the iron—in other words, the way in which its atoms hold to- 
gether or are arranged—has been modified and its power of resistance increased. 
That we have not yet reached the limit in this direction I am satisfied, but 
much more knowledge is required. 

With regard to aluminium alloys, the position is rather remarkable. Dura- 
lumin has been a dominant alloy among wrought metal for fifteen or sixteen 
years, and one might almost conclude that there has been no improvement during 
that time. From one point of view that is true, when we think of the com- 
mercially available materials, so far as tensile strength is concerned. With regard 
to the general quality and reliability of light alloys, however, there has been a 
great deal of improvement, especially for casting purposes, and new materials 
have been introduced. 

Are we likely to find aluminium alloys of greater tensile strength than we 
have at present? The answer is that it has already been shown experimentally 
that, at any rate, a tensile strength of 39-40 tons per square inch can be de- 
veloped by certain alloys of aluminium while still preserving a good degree 
of ductility. It is true that for other reasons these are not of very much use, 
but their very existence shows that it is possible to strengthen aluminium to 
that extent, and research, sooner or later, is bound to discover a more satis- 
factory way of attaining such a result. 

Turning to the magnesium light alloys, I am not anxious to discredit these 
in the very least; they have a future, but it is a future which is dependent upon 
a considerable increase in our knowledge concerning them. At the present 
time we are told occasionally that the magnesium alloys show a strength/weight 
ratio better than that of the aluminium alloys or the alloy steels. I have come 
to the conclusion that such a statement is a little misleading—not intentionally 
misleading—but liable to mislead for the reason that ductility as measured, for 
example, by the extension in a tensile test, is not the same for different alloys 
when that comparison is made. When I have had to consider the question of 
alloys for aircraft purposes, I have always felt that for purposes of fabrication 
and to allow for the difficulties and for lack of exactitude, particularly in 
structural work, a reasonable degree of extensibility or ductility is essential. 
Therefore it is wrong to compare the strength/weight ratio of an alloy showing 
only 2 or 3 per cent. extension with an alloy steel which has an extension 
of 30 or 4o per cent. If we are prepared to sacrifice ductility by cold working 
we can obtain a tensile strength in aluminium alloys which gives a specific tenacity 
considerably higher than that of any magnesium alloys at present known. To 
illustrate that point I have prepared Table I. 


TABLE I. 
TENSILE StRENGTH/DeNnsiTy Ratios IN RELATION TO ELONGATION. 
Max. Stress Elongation Max. Stress/ 
Tons per sq. in. per cent. Density. Densitv. 
Duralumin _... 26 20 2.8 0.93 
30.0 15 2.8 1.10 
32.0 10 2.8 1.14 


Elektron 15 1.8 0.95 
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In constructing this table I sought a basis of comparison which has some 
physical meaning, and the basis I have selected is the extension per cent. in a 
tensile test. If duralumin is cold worked, its tensile strength can be raised, until 
with an extension of 1o per cent. the breaking stress is 32 tons. Those are 
conservative figures. If we consider the alloy Elektron, which I have chosen as 
typical of the best magnesium alloys, we have a tensile strength of 17 tons-square 
inch with an elongation of 15 per cent. giving a strength/weight ratio of 0.95 
compared with 1.10 for duralumin in the corresponding conditions. Thus, when 
the comparison is made on a reasonable basis with regard to elongation, the 
aluminium alloy has the advantage and I have yet to see any reliable results that 
contradict that inference. It is clear, therefore, that one must not compare 
strength/weight ratios of different alloys without adequate consideration of other 
properties. 

I want now to refer briefly to another class of ultra-light materials which 
may become of importance in the future. There has been a good deal of talk 
of beryllium. At the National Physical Laboratory we had probably produced 
as much beryllium as all the rest of the world until a German firm began 
commercial manufacture on a small scale last year. My present view is that, 
regarded as a basis metal, we have a long way to go. First of all we have 
to obtain the material in adequate quantities, and that has yet to be achieved; 
although scarcely a week elapses when we are not told of new sources of the 
mineral, at present it is apt to be regarded as if it were material for jewellery, 
and corresponding prices are asked for it. But the history of all other rarer 
metals will probably repeat itself in this case also. Tungsten at one time was 
a laboratory curiosity, but to-day it is by no means one of the most expensive 
of commercial metals. Beryllium may come down to a price of the order of tin, 
possibly twice the price of tin, and in that event it may attain serious importance. 

So far no one has produced ductile beryllium, but I am convinced that it 
can be produced. I have some reason to think that a ductile metal will be 
obtained and a metal of very remarkable properties. Its strength/weight ratio 
promises to be from two to three times that of the best of the alloys I have 
shown in the Table above. However, we have not yet had enough of it to 
make severe corrosion tests. It is, therefore, perhaps a thing of the future, but 
it is not negligible even to-day. Certain of its alloys are very promising 
and are giving results which may prove of interest. It may be that some 
beryllium steels will be available shortly, which will also be interesting. 

I come now to another property, which is, perhaps, at least as important 
from the point of view of aircraft construction. Stiffness is a property which 
depends upon the elastic modulus in the metal—in other words, the amount of 
stretch which a bar of the material will undergo under a certain tensile load. 
That tensile load is generally expressed in terms of the load in pounds or in tons 
which would be required to double the length of the test-piece. It is merely a 
conventional figure to represent the stretching resistance of the material. In 
steel that figure is 30 millions; in aluminium alloys, 11 to 12 millions; in 
magnesium alloys it is of the order of 6 millions, and the curious thing is that 
alloys differ little from the pure metals in this particular quality. In the last 
few years, a beryllium-copper alloy, containing only 3 per cent. of beryllium, 
has been found to undergo an increase of elastic modulus of something like 
60 per cent. after age-hardening, and that has opened one’s eyes to the possi- 
bility of the production of materials of higher elastic modulus. Perhaps this 
is one of the things that are to come in the future, but its coming depends 
upon a deeper insight into the cohesive forces within the metal crystals. 

The importance of stiffness is very great, because, for example, in a crank 
shaft the question of torsional oscillations depends upon this quality. The 
stiffness of the connecting rods is of considerable moment, as is stiffness in the 
struts and other parts of a structure. The strength of the strut depends on 
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the resistance to bending, i.e., the elastic modulus, more than on the tensile 
strength of the material. 

I come next to the question of fatigue. There are a great many parts, both 
in the engine and the aircraft structure, which are exposed to alternating stresses 
of some kind, either actual push and pull stresses, or alternate torsion, or to vibra- 
tion which, after all, does damage only when it develops high stress. It is quite 
a mistake to suppose that vibration as such—the mere agitation of the metal—- 
will do any damage, unless the oscillations are large enough to involve stresses 
which become serious fatigue stresses. 

A great deal of work has been done in recent years on the study of these 
phenomena, and we know a little more about them than formerly, although the 
real mechanism of fracture under fatigue is not, I think, thoroughly understood. 
In regard to steels, the fatigue range has a fairly definite ratio to the tensile 
strength, but the behaviour in service unfortunately depends not upon the 
nominal character of the steel, but upon its freedom from internal defects, 
enclosures, and matters of that kind. That is a case where the quality of the 
material as distinct from its nominal properties is most important, 

With regard to light alloys, it has been shown in America that under alter- 
nating stresses a definite fatigue limit does not appear to have been reached. 
A specimen that might stand up to 200 million reversals might break after 300 
million. But that is perhaps rather an academic point, because if we keep our 
actual fatigue stresses in an aluminium alloy well below the breaking range at, 
say, 200 million reversals, we can quite easily multiply the number of reversals 
to bring about fracture ten or even a hundredfold. It is a question entirely of 
the factor of safety, and not more serious than the factors of safety which we are 
accustomed to employ for other reasons. 

In regard to the ultra-light alloys, the fatigue range there is very low and 
remains to be further investigated. Quite recently two things have appeared 
in regard to fatigue which are worthy of notice, and perhaps point to future 
developments. One is the remarkable work of McAdam in America showing 
the effect of even slightly corrosive influences in altering the fatigue range. If 
we take a whole series of alloy steels and heat-treat them so as to give them 
higher and higher fatigue ranges, and then make a test under a stream of tap- 
water, they all come down to one and the same very low value for the so-called 
corrosion fatigue limit. Personally, I have a recollection of experiences during 
the war where crank shaft failures occurred when one did not anticipate them, 
and it is conceivable that some sort of corrosive action of a very mild nature 
was sufficient to bring that about. The only steels in which this effect has 
not been brought about are the rustless steels. 

Particularly in connection with springs, surface defects have an immense 
influence upon the resistance to fatigue. Take an ordinary spring plate and 
heat-treat it in a finished condition and grind out of it an ordinary fatigue test- 
piece ; in the result a fatigue range of 30 to 35 tons per square inch may be found. 
If, instead of that, it be tested as a spring plate by bending it bac kwards and 
forwards, it may not show a greater range than 10 tons per square inch. The 
plate in that condition breaks under a surprisingly low alternating stress, but if 
the surface be ground to a depth of a few hundredths of an inch, one can find 
very nearly the full strength in that same plate, showing that the trouble lies 
somewhere in the surface. I am hoping that further research in that direction 
will be undertaken both at the National Physical Laboratory and elsewhere. The 
problem is of general interest wherever steel] is used in an unmachined con- 
dition, 

With regard to spring steels, I am prepared to say that I would rather have 
the poorest of our spring steels with a ground and polished surface, than a 
roughly finished spring plate made of the best alloy steel that money can buy. 
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The whole problem of corrosion itself, is a matter of immense importance 
from the aircraft point of view. Aircraft naturally has to be exposed to the 
weather, and very often to spray from the sea, and exposed to it also under 
conditions of strong air pressure. Many of us have experienced the effect of 
strong air pressure during the last few days, and the way in which the corrosive 
effects occur in the crannies and crevices of the materials is very important. 

Let us return for the moment to steel. The rust-resisting steels of various 
kinds afford a fairly complete answer to the problem, but they are not the 
strongest steels we know from the tensile strength point of view, and I think 
that future progress is likely to be found in the development of steels which 
combine the rust-resisting qualities of the high nickel-chromium steels with 
the strength and fatigue endurance of some of the best of our other alloy steels. 
Whether that may come about by the development of new combinations, new 
heat-treatments, or by the coating of other steels with thin layers of nickel- 
chromium steels I] am not prepared to say. 

As regards light alloys, methods of protection by surface coating have re- 
ceived much attention. The processes of electro-depositions are no doubt familiar 
and so is a material known as Alclad in which a layer of very pure aluminium 
is used as a protection for duralumin. In this case we have a weak surface layer 
over a stronger interior body, and it may be found that there are some risks 
in regard to fatigue in that combination. But in any case, a surface coating is 
a counsel of despair. It is difficult to keep it intact during fabrication. This 
applies especially to the coating produced by the anodic oxidation pro- 
cess, which is, when intact, a most valuable protection. Unfortunately, 
holes are cut in this coating, rivets and so on driven in, and some 
local makeshift protection is given to these places. Unless the coating can 
be maintained intact during construction and in service, local corrosion and con- 
sequently failure may still have to be feared. 

Are we likely to produce aluminium alloys or magnesium alloys which are 
substantially incorrodible? That is a question I am not prepared to answer. 
Something in that direction has been achieved by means of certain alloys con- 
taining antimony which appear to coat themselves with a protective layer con- 
taining antimony and seem to be protected in a rather remarkable manner 
especially against sea-water. It is, at any rate, in the direction of producing 
self-protecting alloys in which progress is likely to lie. 

Another question of very considerable importance in certain cases is resistance 
to wear. In moving parts of aircraft, the engines particularly, wear becomes a 
very important matter when length of life is concerned. One must realise that 
an aircraft engine is run usually at a very high proportion of its full power, and 
consequently wear is proportionately intense. Many methods of resisting wear 
have been tried, for instance, case hardening, the use of hardened steel, and 
so on, but we have recently seen two developments which promise greater things 
for the future. The first of these, which is already coming to be applied, is the 
nitrogen-hardening process, in which a particular kind of steel is exposed to 
ammonia vapour at a temperature of near 500°C. for a considerable length of 
time. It requires after that no heat treatment of any kind, and no quenching, 
coming out with a hard coating, the hardness of which is considerably greater 
than that of any hardened steel. I understand that some cylinder liners for motor 
car engines have been treated in this way and are proving successful, lasting 
apparently very well. I understand also, although I have had no personal ex- 
perience of it yet, that the material coated in this way is fairly resistant to 
corrosion, and that fatigue phencmena are not very marked in it. How far that 
is the case is hardly known as yet. It has the advantage that no quenching is 
required, so that there is no distortion. It is possible, therefore, to machine such 
things as gear wheels accurately to size, and to have a finished article which 
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requires very little, if any, further treatment and, of course, of very great 
hardness. 

Nitrogen hardening is extremely promising, and I think we are likely to 
hear a great deal more of it, although at present it has the disadvantage of 
considerable surface brittleness. The steel which has to be used is of a particu- 
lar composition, and contains, among other things, aluminium. I have been 
assured by Dr. Hatfield recently that this difficulty has been overcome and that 
a perfectly satisfactory material of high fatigue range could be obtained as the 
result of nitrogen hardening. 

Another method has recently been used, the so-called ‘‘ cloud burst ’’ pro- 
cess which Mr. Herbert has developed. In this method the surface of a piece 
of steel is bombarded with small steel balls and further hardening is produced 
even on a piece of already hardened steel. 

I cannot do more than mention these various methods, but there is another 
development to which I must refer. Recently the very great hardness and heat 
endurance of certain carbides has been developed for the production of cutting 
tools. These are tungsten carbide mixtures, generaily containing Cobalt, which 
go by various names, such as ‘* Carboloy.’’ It is not impossible that some day 
we may learn by the cementation of alloy steels to produce on them surface 
layers possessing the super-hardness of these carbides. It is at least conceivable 
that super-hard surfaces, harder than those of a nitrogen-hardened steel, may be 
available some day. It would mean an entirely new technique, but we may 
produce surfaces which will withstand wear under very much higher surface 
pressures than we dare use at present. This might be extremely valuable. 
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Resistance to high temperatures is another matter of great importance trom 
the aircraft point of view. The aircraft engine runs very not; it is desirable 
to run it hot for thermodynamic reasons. The valves, etc., have to withstand 
working temperatures far above the normal, and for that reason it is necessary 
to have materials which will not only maintain their resistance to outside forces 
at high temperatures, but will also resist the chemical forces which are very 
active at those temperatures, and will neither burn nor scale. With regard to 
valves, we now have the heat-resisting steels which are very valuable and 
important materials in this connection, and I think that the real progress made 
in that way by the steel industry, both here and abroad, has not been fully 
recognised. It has been quite as great as the development of high spced steels 
twenty years ago. Tensile strength at high temperatures is a very peculiar 
thing. If we take one of these high heat-resisting steels and test it in the 
ordinary way, we shall get a certain figure; if we take it up to a dull red heat 
at 7oo°C. we shall get a figure not so very much lower—the difference may 
be between 45 tons per square inch at room temperature and 28-30 tons at 
700°C. But if, instead of testing it quickly at the high temperature, we give a 
load of 5 tons per squor inch, and leave it on, then in the course of time that 
steel will ultimately breai.. In other words, there is a maximum load, very 
much lower than its tensile strength, which the steel will bear indefinitely, or 
for a very long time. 
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A group of testing units as used in the Engineering Department at the 
National Physical Laboratory, where these materials are tested, is shown in 
Figure 1. The picture illustrates how the specimen is hung, and the connecting 
bar and the loading system are seen at the bottom of each unit. The electrical 
resistance that controls the temperature is also shown. Thermo-couples are 
used for measuring the temperature very carefully, and accurate extensometers 
are used for measuring the very gradual stretching of the test pieces. 

Figure 2 shows the kind of results which are obtained. In these graphs 
the extension or flow is shown vertically on an exaggerated scale, and the time 
occupied is shown horizontally. Thus an ordinary carbon steel, which has 
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perhaps a tensile strength of 30 tons per square inch at ordinary temperature, 
stretches rapidly at 16.5 tons and in about twelve days breaks, but when the 
load is reduced to 15.3 tons, the stretching is much more gradual, although 
it is cumulative, and one knows that in a little time longer the test-piece will 
break. Under a load of only 13.3 tons per square inch the graph suggests that 
the test-piece would stand indefinitely. I deliberately say ‘‘ suggests ’’ because 
we do not know. The question of whether one shouid measure this flow to 1o7* 
or to 10~* of an inch is very open at the moment, and we are hoping that some 
quicker way of detecting these small creeps may be found. 
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The Metallurgy Department at the National Physical Laboratory, in con- 
junction with the Engineering Department, have worked on certain alloys of 
nickel-chromium, the properties of which are indicated in Figure 3. The lowest 
graph in the figure relates to an alloy which is generally regarded as very 
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good at high temperatures. It is a 70-30 nickel-chromium alloy; it has in the 
cast condition 35 tons tensile strength, with about 58 per cent. elongation, and 
in the rolled condition 65 tons with 23 per cent. elongation. At bright red 
heat the tensile strength drops down to 18.6, and the elongation to 6 per cent. 
The figure shows graphs connecting the stress in tons per square inch and 
the number of days required to break the specimen. Even with so low a load 
as 2 tons per square inch it breaks in 33 days. 

For comparison two alloys are shown which have been produced at the 
National Physical Laboratory. They contain a much higher proportion of 
chromium than the others, but for extreme purposes perhaps the extra cost would 
be justified. The tensile strength at room temperature is 48.4 tons, and it 
only falls to about 30 tons at 800°C., and it stood unbroken a stress of 5 tons 
per square inch for 68 days, and even that did not exhaust its resisting power, 
but we were obliged to stop the experiment because the testing machine was 
required for another purpose. The results, however, show that this alloy has 
something like twice the resisting power of the best of the steels commercially 
available at the present time (alloy ‘‘M”’ in the figure). There are certain 
purposes for which the use of such special and distinctly costly alloys would be 
justified. sor instance, much thought has been given to the internal com- 
bustion turbine, and there the problem is essentially one of suitable materials. 

In that connection we may, in the future, be able to reverse an arrangement 
which is used at the present time. It is possible to use the exhaust gases of 
an internal combustion engine to drive the rotor of a turbine, provided that the 
material of the rotor will stand up to the temperatures. That process could 
be carried further, theoretically at all events, by developing less and less power 
in the internal combustion engine and more and more in the exhaust turbine, 
until ultimately the internal combustion engine is nothing but a compressor 
and explosion chamber, and the exhaust turbine is used to develop the power. 

This would require materials of extreme heat-resisting power, and from that 
point of view research of this kind appears to be very important. A good deal 
of work is being undertaken, and we are now investigating, not individual 
alloys, but the general subject of creep, with a view to advancing, not by an em- 
pirical method of trial and error, but with a deeper understanding of the inner 
mechanism of these actions. 

Finally, we have to think of the ease of fabrication—or rather, the possi- 
bility of fabrication. Machining difficulties have presented themselves over and 
over again in the use of special materials for aircraft purposes, and with regard 
to these special heat-resisting alloys it would be very difficult for the ordinary 
machine tool to deal with them. Thanks, however, to the use of the new 
cutting materials of which I spoke, of the tungsten carbide with cobalt, or the 
carboloy type, it is comparatively easy to deal with these strong alloys. I 
have seen a piece of toughened manganese steel being machined like mild steel 
with one of these tools and the shavings coming away in great spirals while 
the tool itself scarcely grew hot. That is a question of speed, cutting angle, 
and feed being properly adjusted to the properties of this very hard, but still 
slightly fragile tungsten carbide tool material. In America it is making rapid 
progress and very surprising results are being obtained. From the aircraft 
point of view, however, it is not so much a question of speed of production, as 
of the possibility of using materials which without these new cutting tools would 
not be capable of treatment. It opens up new possibilities. 

One of the questions of the moment, and of the future is, I think, the use 
of welding. Welding must inevitably be used, it has so many advantages in 
speed of construction, cheapness, convenience and, above all, in the saving 
of weight. The temptation to use the process for aircraft construction is very 
considerable, but there are serious misgivings which must be present to every- 
one who has had the opportunity of examining welds in considerable numbers. 
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There are two or three serious objections to any welding process known at 
the present moment. The welding method confers on the metal the structure 
of a cast and not of a wrought material. By the use of suitable ‘* welding 
rods ’’ it is possible to produce weld-metal, even with a ‘‘ cast ’’ structure, 
possessing properties not widely different from those of the wrought material. 
Far more serious, however, is the difficulty of being sure that a given weld 
is a good weld. Even the most careful workman cannot be absolutely certain 
of that, and reliance upon welds in matters of first-rate importance is only 
justified where the possibility of testing welds without destroying them exists. 
Efforts in that direction are being made and various methods are being tried. 
There are methods which depend upon magnetic and electrical effects which 
can be detected on the surface where there are internal discontinuities. Perhaps 
more interesting and promising is an acoustical method which has been developed 
in America quite recently. It consists in using an ordinary medical stetho- 
scope and tapping the weld all over with a light hammer. It is possible thereby 
to detect the difference if there is any hollow space or any enclosure which has 
not the same sonorous properties as steel. ‘The claim is made that any practi- 
cally unskilled person can locate defects very easily. 

Apart from the question of reliability there is another important point to 
be considered in connection with welding. At a weld we heat our material to 
the melting point and in the immediate neighbourhood, and for some little dis- 
tance on either side, we undo all that heat-treatment or cold working can do 
to increase the strength and hardness of the material. There is generally some 
point where a critical temperature is reached which is particularly injurious to 
that special material. In ordinary carbon steels the temperature just below 
the critical range tends to produce a very soft and weak condition. The conse- 
quence of that has been rather curious. If we break a welded piece in a tensile 
testing machine, the fracture occurs, not in the weld itself, but in the softened 
region, a little way to one side. Now what is the remedy? 1 do not think 
we can avoid the existence of a temperature gradient close to a weld. We can 
shorten the time during which the material is exposed to that temperature and 
we may be able to shorten it so much that it is non-injurious, but the only 
way out of the difficulty with the materials we have at the present time appears 
to be re-heat treatment after welding. In some cases where the article is 
sufliciently smal] to be easily treated that method proves successful. This, by 
the way, applies even more to the heat-treated aluminium alloys than it does 
to steel, and it is one of the outstanding difficulties at the moment how to 
weld such materials as duralumin. There, 1 think, we are going to see progress 
in the future, and if one may hazard a guess it may be in the production of 
allovs, both light alloys and steels, which will assume the best condition by 
cooling down normally from a welding temperature. You are aware that there 
are air-hardening steels which become extremely hard and brittle if cooled down 
in air, but it may be possible to find some alloy which will be proof against 
deterioration by welding or will automatically recover its properties by the 
usual rate of cooling after welding, but I cannot prophesy how that it is to 
be done. 

In conclusion, I have dealt with a long range of properties and referred to 
many things and materials, perhaps rather hurriedly, but I have tried to outline 
the metallurgical position that faces us to-day—the position as it appears to a 
metallurgist who does not pretend to know a great deal about aircraft construc- 
tion. But I must repeat that all I could hope to indicate are the visible lines 
of possible progress, the lines which appear to me, at any rate, possible. I 
cannot hope, and will not attempt to suggest, the unexpected things that are 
certain to happen in the next twenty or thirty vears. Those are the things which 
either as a result of invention or research, come upon the world and lift things 
to a new level of manufacturing efficiency or technical achievement. But it 
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is sometimes thought that such sudden advances are the work of an individual 
genius or a group of inventors as distinct from long continued research. It is 
true, perhaps, if we look back at history that we shall not find a great many large 
developments as the immediate discovery or invention of an actual investigator 
or research worker, but that is not to say that investigation or research is not 
mainly responsible for them, because it is investigation and research that pro- 
duces the atmosphere and the knowledge of materials with which the inventor 
is able to do his work. If we analyse the great inventions of the last fifty years 
or more, we shall find that, although the edifice has been built by a man who 
could not be called a scientific investigator, the materials for the edifice have 
been furnished by scientific investigation. If, therefore, we are to progress in 
the future—and I thoroughly believe that it is not only possible, but inevitable 
—then, if we are ourselves to remain in the forefront of that progress, we must 
not neglect research on our materials. This research is not directed only or 
mainly to the solution of some immediate problem of finding some new alloy or 
overcoming some difficulty, but should be and is directed to the search for the 
fuller insight and deeper knowledge which will furnish us and our colleagues 
with the materials for thase great advances whick we feel sure must come in 
the future. 


DISCUSSION 


The CuairMan (The Master of Sempill) said that the Society was extremely 
grateful to Dr. Rosenhain for a lecture which had covered so wide a field. In his 
(Dr. Rosenhain’s) opening remarks he had forecasted the possibility of some dis- 
appointment being felt when he came to the question of further progress, but 
all who had heard the lecture would admit that in relation to future possibilities 
Dr. Rosenhain had given them much to think over. There were many present 
that evening who held very important positions in firms concerned with the 
production and use of the materials under discussion, and he would call upon 
the Deputy Director of Scientific Research. 

Mr. Pye (Deputy Director of Scientific Research) said that the great 
interest in a lecture of this kind was that it touched upon aeronautical progress 
at almost every point. Dr. Rosenhain had said that advances seldom occurred 
by leaps. Every now and then a distinct invention came along, but even these 
rare outstanding advances always involved, in bringing them to fruition, a great 
deal of painstaking research, often on the part of many workers. He thought 
that if the progress of aeronautics were reviewed it would be seen that advances 
had taken place more than in any other way through improvements in materials 
and in methods of working them. In the pre-war days, engines had cast iron 
cylinders and pistons; new materials had now come in, and the light alloys were 
used for cylinders, pistons, crank cases, and so on. The development of steel 
air frame construction had a vast field of successful research behind it, not only 
that leading to the production of 1oo-ton steel, but the work involved in rolling, 
in forming, and finally in delivering the formed material in the proper heat- 
treated condition. All these advances had come about through the combination 
of the research worker and the technician at the works. Such a combination 
was a vital necessity. He sometimes thought that if he were the Lord Privy 
Seal, or somebody who controlled the destinies of such things, he would start, 
besides a department of Scientific and Industrial Research such as the country 
possessed at present, a department of Scientific and Industrial Publicity—an 
organisation for getting the results of research developed into practical industry, 
because that seemed to him a problem quite as great as the actual scientific 
advances which could be produced in the laboratory. Advances in industry could 
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only be brought about by a combination of the scientific expert, such as the one 
who had heen speaking to them that evening, and the technician, and they were 
only successfully achieved when the scientific expert was content to go first to 
the technician and thoroughly immerse himself in the industrial processes as 
carried out to-day. 

There were one or two detailed points in the lecture which struck him as 
inviting discussion. Dr. Rosenhain had spoken of the magnesium and_ the 
aluminium alloys on the basis of ultimate tensile strength and weight. He had, 
of course, pointed out that the ultimate tensile strength was not a very satisfac- 
tory figure on which to compare two materials. It would be helpful if he could 
give a figure to compare these two materials on the basis of the o.1 per cent. 
proof stress which was largely used by designers. 

As regards beryllium, it was of great value to have an authoritative state- 
ment from a man like Dr. Rosenhain, because the subject of beryllium was one 
of those subjects which rather bred mis-statements. Any material which was 
as hard as steel and practically incorrodible and as light as magnesium, fired 
the imagination of people—of people whose imagination was stronger than their 
sense of fact—and they were apt to try to persuade others that all aircraft in 
five years time would be built of this material. At the present moment the price 
of beryllium was, roughly speaking, the same as the price of gold—about £25 
per lb.—and he had asked an expert whether he could furnish any idea, assuming 
that the material could be produced in large quantities, and therefore no longer 
as a laboratory product, as to the level to which the price might come down. 
The expert’s view was that he did not think the price of beryllium would ever 
come below the price of silver. Therefore the value of beryllium seemed to lie 
in its properties as an alloying element in small percentages with other metals. 
In that connection two extremely interesting articles were published in the 
Journal of the Metal Industry on September 6th and 27th last. They gave a 
very full resumé of the Gernian work which had recently been published, and, 
if he remembered right, one of the most interesting things they stated was that 
a steel of the ‘‘ Staybrite ’’’ type with 7 per cent. nickel and 20 per cent. 
chromium—by the addition of 1 per cent. beryllium, could be made to develop a 
high degree of hardness. 


Dr. Lestie Arrcuison had been very interested in what Dr. Rosenhain had 
said about corrosion prevention, because the question of the employment of 
light alloys in aircraft was very considerably bound up with the degree of 
success to which they could be protected against corrosion. At the present time 
there was no known stainless aluminium or magnesium alloy, and he only 
hoped that everybody would continue their utmost endeavours to reach such 
a result. Meanwhile, something much more satisfactory than was obtainable 
at present in the way of corrosion protection was desirable. With regard to 
the use of Alclad for the prevention of corrosion, he thought this material was 
only likely to be produced in the sheet form; it would be difficult to make it 
in tubes and quite impossible in forgings or extruded sections. Therefore, this 
material only represented a palliative in one portion of the field. 

One or two remarks which Dr. Rosenhain had made with regard to welding 
had stirred the speaker a little. He had said that the ideal material would be 
that which when it had cooled from the welding temperature would have optimum 
properties, but by definition this material must be equally good when cooled 
from all temperatures down to atmospheric. The use of welding was very 
largely connected with the desire to escape rivetting. He would like to suggest 
that where at present parts were made by joining a number of parts of a uniform 
thickness, aircraft manufacturers by suitable designs could escape a good deal 
of welding by having resort to extruded sections. Such sections would save 
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an enormous amount of handwork in construction, though extrusion, so far 
as he knew, at present was only applicable to non-ferrous metals. 

With regard to specific tenacity criteria he would suggest to the lecturer 
that one should not merely represent the ratio between the maximum stress and 
the specific gravity, but one should represent the ratio between fatigue range 
and specific gravity or between elastic limit and density. If this were done the 
magnesium alloys would show up very considerably worse than they had done 
in the lecturer’s figures. He was himself strongly of opinion that there was 
going to be a rise in the strength of the available wrought aluminium alloys. The 
line of development in respect to aircraft materials should be through the wrought 
alloys, and not through those materials which were going to be used in the 
cast form. 

Major Wyte said that Dr. Aitchison had anticipated the remarks he was 
going to make, With regard to the interesting figures which Dr. Rosenhain 
had shown on the screen illustrating the effect of cold-working duralumin so 
as to bring out the elongation, he did not think this was very often done nowa- 
days. It was done about fifteen years ago, and axles were commonly made of 
duralumin having an elongation of 10 per cent. and a strength of about 30-35 
tons. But these were not quite so strong, weight for weight, as axles made 
from chrome-nickel steel. 

With regard to welding, he agreed that some saving in weight could be 
effected. However, his personal opinion was that the chief reason that welding 
was so largely used in aircraft structure abroad was that it saved a great 
deal of work in the drawing office. He knew intimately a number of firms who 
had used welding very largely, and he did not find that the shops were so 
enthusiastic about the process as they were when it was started a few years 
ago. 

Mr. H. Surron would have liked to have heard Dr. Rosenhain at much greater 
length on the subject of the physical properties of metals which rendered them 
most suitable for use in aircraft. He knew that Dr. Rosenhain had some definite 
views on the so-called figure of merit. A great deal of valuable work had been 
done in this country and on the continent on the selection of the particular 
physical properties best suited for the material. With regard to the tendencies 
for development of new materials, he was a little more hopeful regarding the 
non-corrosive steels than Dr. Rosenhain. He thought high strength steels that 
would resist corrosion were likely to be developed and that much progress had 
already been made in that direction. They all felt gratified that at present they 
had an airship and many other aircraft containing steel tubes and other members 
having substantially non-corrosive properties, and at the same time, what would 
be known in ordinary engineering parlance as high tensile properties. The use 
of such steels was undoubtedly a credit to the aircraft industry and to the 
steel industry also. 

With regard to welding steels, he was glad that Dr. Rosenhain had time 
to touch on the possibility of steels which when welded would have properties 
suitable for the parts of aircraft structures. There was usually a zone in the 
region of the weld which was adversely affected by the welding, but in several 
steels suitable for welding the age-hardening which occurred after the welding, 
by the rapid cooling of the weld, to some extent compensated for the loss of 
properties on heating and the strength of the weld under steady stress tended 
to approximate to that of the original tube. : 

He would like to ask Dr. Rosenhain to give the analyses of the materials 
which he had mentioned as illustrative of the present state of the art of pro- 
ducing materials for use at high temperatures. It would be useful to have the 
complete composition along with the table when the lecture was published. 

He wished to ask whether Dr. Rosenhain thought the corrosion-resistance 
of beryllium had been over-rated. 
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Wing-Commander Cave-BROwNE-CavVE asked for additional information about 
the research on bearing materials. He pointed out that the materials at present 
in use were proving somewhat too soft to stand the very high maximum loads 
associated with compression ignition engines. It appeared that the develop- 
ment of these engines would lead to still higher loads. It was therefore very 
important to determine exactly what physical characteristics were necessary 
in the surface of a bearing material. 

He agreed that the inventor of useful developments was very largely de- 
pendent upon the research which had previously been done. Mr. Pye’s pro- 
posed ‘‘ Department of Scientific and Industrial Publicity ’’ would be very useful, 
but he also considered that communication in the opposite direction should be 
provided and that the technical man should get into very close touch with the 
scientist in order to understand what work had been done and what kind of 
investigation was possible. ‘* The Department of Scientific and Industrial Pub- 
licity *’ would perform almost the same function as the Society was now trying 
to cover. He suggested that if the formation of such a department was seriously 
considered the alternative of making a grant to the Society to assist in its 
present work was equally worthy of consideration. It seemed probable that for 
a given expenditure of money more would be achieved by the existing Society 
than by the establishment of a new department. 

Captain Swan spoke on the matter of the strength/weight ratio of the 
materials. In aircraft engines there were many parts made of these lighter 
alloys, most of them stationary parts, not highly stressed, and here the lighter 
alloys could with advantage be used. With regard to the moving parts of the 
engine, these were usually highly stressed, and it was difficult to replace these 
by the lighter alloys. One was continually coming up against this problem. 
If a steel member were replaced by an alloy would anything be saved in weight? 
It was a strange thing with these alloys, that as one reduced the density one 
seemed to reduce the strength in much the same proportion, so that there 
was really no gain. If some light alloy of high mechanical properties could 
be obtained, or alternatively, if one could go on to better steels, some improve- 
ment might be effected. If, fer example, a lighter alloy of high mechanical pro- 
perties were obtained, then the engines could be run at much higher speed, 
which meant higher power, and involved, of course, a smaller weight /power 
ratio. That in itself would be a big gain. Sometimes it was suggested that the 
cost of these lighter alloys, such as beryllium, might be prohibitive, but no 
narrow view should be taken on that point. The cost would only affect the 
material, not necessarily the processes, and also it would only affect certain 
parts, not the entire engine. If materials of greater strength/weight ratio than 
the present ones were used for the moving parts so as to reduce the bearing 
loads, the horse-power could be increased on account of the higher speeds per- 
missible. It is quite possible that the percentage increase in power thus obtained 
would be greater than the percentage increase in cost of the whole engine and 
result in a less cost per horse-power than previously. Possibly, therefore, there 
was a big margin before one came to prohibitive prices of materials for certain 
parts. 

Mr. Rapc.irre, speaking as a member of the designing staff of one of the 
aircraft firms, said that very often there was a great tendency for one to get into 
a rut, and not try anything new. The lecture of that evening would provide 
a stimulus to use the latest materials, and opened up new means by which it 
would be possible to improve the structures of aircraft in the future. The 
remarks which Dr. Rosenhain had made with regard to fatigue and specially 
with regard to the Izod figure were interesting. In America the Government 
had been so kind to their aircraft constructors that a large scale annealing 
chamber had been provided and built, and placed at the disposal of the firms 
making aircraft so that complete welded fuselage structures could be annealed. 


= 
= 
| 


646 WALTER ROSENHAIN 


With regard to machining, aircraft constructors in this country had been told 
by the shops that if they introduced high tensile steels the cost of machining 
would go up to double or treble the present amount. The information given 
regarding these extra hard-cutting steels would prove of very great use to the 
industry, and being made public through this lecture, it would be very much 
appreciated. What the lecturer had had to say about beryllium was also ex- 
tremely useful. The speaker had constantly been asking, ‘‘ What about beryl- 
lium?’’ and now we knew. 

Mr. S. L. Arcusurr said that it had struck him that the magnesium alloys 
had undergone rather a rough time that evening. It had to be remembered that 
there had not been spent on their research anything like the time and attention 
that had been spent with regard to the aluminium alloys. There were good 
hopes that in the future the magnesium alloys might be still further improved. 
With regard to fatigue resistance, results so far published showed that magnesium 
alloys reached a definite fatigue range after a strikingly fewer number of re- 
versals of stress than had been found to be the case for some well known 
aluminium alloys. This was a fact which might be mentioned in their favour. 

The Presipent, before calling upon Dr. Rosenhain to reply, said that he 
viewed with much pleasure the prospect of a closer co-operation between the 
Society and the Institute of Metals, and the Royal Aeronautical Society had been 
greatly complimented by the fact of Dr. Rosenhain having read a paper. 

Dr. ROSENHAIN, in reply, said: The discussion has shown that my lecture 
has by no means exhausted the subject. On some of the points it would have 
been easy to have dealt at much greater length. Perhaps the most interesting 
point raised in the discussion was the idea of a Department of Scientific and 
Industrial Publicity. There is undoubtedly room and need for development work 
of this sort. The putting into practical use of the results of research is at the 
present time altogether too slow. If I may refer to a personal experience in 
that respect, I would like to mention that we put up to the Light Alloys Com- 
mittee the use of Y-alloy for piston purposes. That was about 1916-17, and 
it has taken about twelve years to bring the alloy into general use for that 
purpose. That is an example of the speed with which laboratory achievements 
are liable to be translated into practice, and, of course, it is very deplorable. 
In other countries they are not so slow. Take another example, not relating 
to aircraft, because the aircraft industry is rather quicker to take advantage 
of new things than others. About 1905-8, some very important results were 
published in this country on aluminium bronzes. These results came from the 
National Physical Laboratory just before I came there. For the next ten years 
I was frequently asked where aluminium bronzes could be obtained in this 
country, and the answer was always in the negative; they were not obtainable. 
But it was not so very long after that original work that these alloys were 
put into practical use in America. The gear rings of one of Ford’s trucks 
were made of that alloy, although the research had been mainly done in the 
National Physical Laboratory here. If any organisation can be formed, whether 
through a Society like this, or through a Government department, or both, 
which will facilitate the practical development of the results of research, a 
very great service could be rendered. But please do not forget that however 
important that work is, the place of pure research is of supreme importance. 
We must have pure research as well as the application of research. In that 
respect I differ from Mr. Pye in thinking that research should not necessarily 
be done in immediate contact with the requirements of industry. The industry 
is inevitably very much alive to its own problems, but as a matter of fact, in 
metallurgical matters the great advances have nearly always come from outside 
industry. We cannot rely for future progress upon research which is wholly 
carried out under the immediate inspiration and influence of industry. Frequently 
enough such inspiration does lead to new ideas and developments, provided 
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that research in the industry is not confined to immediate practical difficulties. 
But research must be allowed to go its own way to a considerable extent. 
Practical men sometimes suggest that if a research worker is allowed to do 
his work away from their industry, that work will not have an immediate practical 
aim—in other words, the research worker will be ‘‘ wandering about in the 
blue.’? But nearly every great advance has been made as the result of what 
practical men have regarded as ‘‘ wandering about in the blue.’’ Three things 
are wanted in order to form a complete and satisfactory organisation. First of 
all, we want inter-communication between the men working at the immediate 
application of science to industry on the scientific side, and those who are, or 
should be, working with the same object on the industrial side. We want 
the application of existing scientific knowledge to industrial needs and difl- 
culties. We should have the development of this inter-communication service 
on the one hand and the actual applied research on the other, but beyond this 
we want research on lines which are not hemmed in by the consideration of 
immediate practical use, and investigators who are allowed to develop. ideas 
and pursue knowledge which is the real key to great future developments. 

The question of the figure of merit has been raised. 1 avoided the tempta- 
tion to suggest a figure of merit for metals, because I do not think there is any 
single figure of merit. Everything depends upon the application, and that is 
where the skill and judgment of the designer and the user of metals must come 
in. It is not possible from any set of tests, however elaborate, to arrive at 
a figure which can be used in any mechanical way. The value of a material 
depends upon so many things besides the ordinary mechanical properties de- 
termined by tests. 

The question of uniformity of quality is a very important matter, and any 
practical designer will sympathise with that view. Take for the moment the 
familiar example of the cast alloys of aluminium, for these are very important 
after all. Every time one ventured to make a suggestion for the use of a 
better alloy to an aluminium founder, one was met with the answer that he 
could not make good castings of it, and it took a long time to convince him. 
I am not blaming him; I know his difficulties, but it did take a long time before 
he himself developed the necessary technique and the staff that would carry out 
that technique satisfactorily. When we consider a figure of merit all these 
factors enter into the question. They are not factors that can be written down 
numerically with ease, and I should be very slow to admit any general figure 
of merit for materials unless it were a comparison between materials of a very 
similar type. 

With regard to Captain Swan’s suggestion that it is really only possible 
to use the light alloys in parts not highly stressed, there is this to be said, that 
where it would be possible to reduce the scantling of a high tensile stecl sufhi- 
cientiv to neutralise its strength/weight ratio, Captain Swan’s argument is per- 
fectly correct, but in a great many cases that is neither possible nor desirable. 

With regard to white metals, these may not always prove adequate to the 
kind of work required. There are possibilities of using certain aluminium alloys 
direct as bearing metals. That has been done in certain engines—not aircraft 
engines—but the whole question of bearing metals is one which will have to be 
considered in the near future. The question of what bearing metal can be used 
safely and successfully will have to have attention, 

Mr. Radcliffe, speaking with regard to the Izod test, has perhaps taken 
what I have said in too literal a sense. It is true that the Izod test does not 
give a measure of the resistance of materials to shock, but it does give an 
excellent measure of the quality, and particularly of the correctness of the 
heat-treatment to which that particular metal has been subjected. That is an 
experience which I have verified in a great many cases. When one finds a 


‘material which has failed in service, one nearly always finds that, for its class 
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and type, it has a low Izod figure. With a heat treated steel I should 
have no hesitation at all, and from that point of view I think the Izod test. 
is extremely valuable and important, but not as a figure of merit for one material 
as against another. 

The question of the cost of beryllium has been mentioned. The figure sug- 
gested by one of the speakers, namely, about the price of silver, is very much 
higher than my estimate. The German author quoted by Mr. Pye assumes that 
the price of the raw material will always be something of the order of what 
it is to-day. As I tried to suggest in my lecture, I think that is probably an. 
incorrect assumption. The rate at which new beryllium deposits have been. 
discovered in different parts of the world is quite astonishing, and the reason. 
why it is regarded as so rare to-day is because of the very specialised manner in 
which, until lately, it was treated as a source for precious stones. If beryllium 
becomes a commercial article it will be possible, not only to obtain it in large 
quantities, but the price of the raw material will come down very rapidly. We 
have worked out at the National Physical Laboratory a new process for re- 
covering pure oxide of beryllium from ores and residues. That is a very cheap 
process, and this alone should help to bring down the price very largely. There- 
fore, | am not sure that we may not reckon upon a great cheapening of beryllium. 

Captain Swan made the point that one is justified in going to considerable 
expense in material if one is thereby able to save weight in a moving part, as- 
a great deal of the material can be re-used as scrap. The cost needs to be 
looked at from that point of view, so that perhaps the beryllium question is 
not quite so hopeless as it may appear. As to the corrosion resistance of the 
material, no really extensive corrosion tests are known to me. 

With regard to welding, I am interested to hear of the American scheme 
for normalising or heat-treating full-size welded fuselages and wings, but those 
are problems of the future, and we may yet see heat-treatment applied to full- 
size structures. 

Let me add that I am extremely grateful for the kind hearing you have 
given to my remarks. I felt that I was coming into a territory of which I knew 
only one side at all intimately. My contact with that territory has been widened 
and deepened to-night, and I also have learned much from the remarks made. 


On the moiion of the PRESIDENT, a very hearty vote of thanks was accorded: 
to Dr. Rosenhain for his cxtremely iateresting and valuable paper. 
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PROCEEDINGS 


THIRD MEETING, SECOND HALF, 65TH SESSION 


A meeting of the Royal Aeronautical Society was held in the Lecture Theatre 
of the Royal Society of Arts, 18, John Street, Adelphi, London, W.C.2, on 
Thursday, February 6th, 1930. The President of the Society (Colonel the 
Master of Sempill) was in the chair. 

The Prestpent: The author of the paper had been working in Germany and 
had studied under Professors Prandtl and Betz, in Gottingen, and Professor 
vor Karman, in Aachen. It was important that the Society should have a 
detailed paper of this kind showing the methods employed and the sort of 
research work that was going on in the foremost research establishments in 
Germany. Dr. Maccoll had also worked for a long time under Professor 
Bairstow and a brilliant future for the lecturer, who was possessed of more than 
ordinary capacity, could be anticipated with the greatest confidence, 


MODERN AERODYNAMICAL RESEARCH IN GERMANY 
BY 
J. W. MACCOLL, B.Sc., PH.D., A.F.R.AE.S. 


INTRODUCTION 


This paper aims at giving the most important results of modern German 
research upon the motion of incompressible fluids. Before dealing with the latest 
developments, I have thought it advisable to give a short account of the older 
researches upon which the present work is based. It is hoped that this résumé 
will give a fairly complete survey of the methods that have led to the present 
insight into the hydrodynamical mechanism. 

Part I. deals with the theory of the boundary layer and its application for 
laminar and turbulent conditions. The first section of Part II. gives an account 
of the experimental investigations upon the development of turbulence, while the 
second section outlines the theoretical work that has been done upon the same 
subject. Part III. is devoted to the modern attempt to determine the 
characteristics of fully-developed turbulence. This work is proceeding at present 
mainly at G6ttingen and Aachen. 

The matter of Parts I. and IIA. is already familiar to most workers in aero- 
dynamics and allied subjects. I have included an account of this work, however, 


as I believe that some sections could receive further attention with advantage. 
It would appear that no full outline in English is available. Some sections may 
seem of hydraulic rather than aerodynamical interest, but this is inevitable as 
much of the fundamental work has been done in pipes and channels. 

I desire to express my thanks to Professors Prandtl and Betz, in Géttingen, 
and to Professor von Karman, in Aachen, for the guidance given to my aero- 
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dynamical studies and for the facilities for research in their laboratories during 
my stay in Germany. I have also to thank the members of the Staffs of the two 
Institutes for their interest and assistance. To the Consultative Committee on 
Engineering of the London County Council, my thanks are due for the Robert 
Blair Research Fellowship. 


ParT I. 


THE THEORY OF THE BOUNDARY LAYER AND ITS APPLICATIONS 


| The Boundary Layer Equation 


The full equations for the flow of a viscous, incompressible fluid in two 
dimensions are usually written as 


oy ) ) ( ) ( t (u, v) (") 


where u, v are the velocity components at time ¢ referred to rectangular axes 
z, ¥; p is the pressure, p ihe density and v the kinematic coeflicient of viscosity. 
The equation of continuity is 
ou + Ov /dy =O 
and this equation permits the introduction of a stream function which satisfies 
the conditions 
u=dy/dy, v= —dv/dz. 

The elimination of the pressure p from the two equations (1), and the reduction 
of the resulting equation to a non-dimensional form by the introduction of a 
representative length and a representative velocity, leads to an equation of the 
form 

where V?=0? +0? /Oy? and Fis the Reynolds number, being that number 
produced by the product of the representative length and velocity when divided 
by the kinematic coefficient of viscosity v. 

' Thus R will be seen to be the decisive factor entering into any solution of 
viscous flow. The equations (1) and (2) have proved intractable from a mathe- 
matical standpoint. Solutions have been obtained, however, for cases of slow 
motion where certain terms can be neglected. In a somewhat like manner the 
equations have been modified for fast motions by Prandtl. 

It was in 1904 that Prandtl' gave his modification of these Stokes-Navier 
equations of fluid motion. The assumption upon which this modification is based 
is that the viscosity of the fluid is small, or, as the Reynolds number is the 
complete determining factor for any flow, that the Reynolds number is’ very 
large. In most problems met with in technical aerodynamics, R is a comparatively 
large number. 

Several methods of deriving the Prandtl equations, from the more general 
ones of Stokes given in (1), have been advanced at various times, but perhaps 
the simplest method is that originally used, in which the order of magnitude of 
the terms is obtained and only the chief terms retained. 

Bairstow? has already described to this Society one method of deriving the 
modified equations; in the works of von Karman, Pohlhausen and von Mises, 
referred to later, there will be found other methods varving in line of attack. 

The frictional force between two adjacent layers of fluid is proportional to the 
velocity gradient in a direction perpendicular to the direction of motion. It is 
usually the case that this velocity gradient is negligible in the bulk of the fluid 
when compared with the rapid changes of velocity occurring near to the walls 
due to the condition of no slip at these boundaries; thus it is a matter of obser- 
vation that, in the flow past a body, the fluid at some distance away from the 
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walls behaves very much like a non-viscous fluid. The Prandtl theory, therefore, 
divides the fluid into two parts, (a) that which is sufficiently far away from the 
boundaries that the shearing forces are negligible and where the fluid may be 
treated as non-viscous, and (b) that fluid which is acted upon by the frictional 
effects due to the influence of the walls. 

In (a) the flow, as far as it is irrotational, will be obtained from the classical 
hydrodynamical theory. There may be, however, a considerable region where 
the flow is rotational, the fluid in this region having passed near to a boundary 
at some previous time and thus having been endowed with vorticity. 

In (b) the flow will be governed by the viscous forces called into existence 
by the intensive shearing of the adjacent layers; to obtain the equations holding 
in this boundary layer we consider the terms constituting equations (1). 

For sufficiently large values of Reynolds number PR, the boundary layer will 
be thin and of the order of magnitude 6, where 6 is small. The velocity com- 
ponent tangential to the wall and its variations along the wall are taken as 
normal values (/.c., of the order 1). Thus u, dw/dx, 0?u/dx*, Ou/dt, have all 
normal values. Now, in the short distance 6, uv changes from its finite value at 
the outer edge of the layer to zero value at the wall; hence du/dy is of the order 
of 1/8 and 07u/dy? is of the order of 1/6. The equation of continuity shows that, 
since dv/Oy must be of normal order, then v must remain of the order 6. 

In the first equation of (1), all the terms on the left are found to be of 
normal order; on the right (1/p) (Op/dx) is of normal order and it is evident 
that 0?u/da* (which is of normal order) may be neglected in comparison with ou/dy* 
(which is of the order of 1/8). For the viscous term to be of the same order as the 
others in this equation it will be necessary for v, the coefficient of kinematic 
viscosity, to be of the order 6°. By expressing this equation in its non-dimen- 
sional form, it is seen that the thickness of the boundary layer in a fluid of 
small viscosity will be proportional to R~-}. 

Examination of the second equation of (1) shows that all the terms on the 
left are of the order 6 and that the viscous terms are of the order 6° and 6*. This 
equation reduces to dp/Oy=o and shows that the pressure is transmitted through 
the boundary layer from the fluid in potential motion outside the viscous layer. 

For the case of flow past a curved wall these considerations remain valid 
provided the radius of curvature of the surface is always great compared with 
6, the thickness of the layer and, therefore, great compared with R>-?. 

The equation of moticn in the boundary layer may thus be written :— 

du /Ot + u (Ou + v (Ou/dy) = — (1/p) (Op/da) + v (02u/dy?) (3) 
where p is the pressure derived from the conditions outside the boundary layer. 

In 1927 von Mises* transformed the boundary layer equation for the case of 
steady flow into what appears to be a very simple form. 

The stream function y and the co-ordinate x are considered the independent 
variables, while the unknown function is taken to be 

2=—(u?+2p/p) 

Hence, treating z as a function of 2, ¥, the boundary layer equation trans- 

forms to 
where k=u=[F (x)—z]'/? and F= —2p/p. 

This is the form of the differential equation for heat conduction. Besides 


this equation there is also the condition y= | ay/u= {av/[e (w)—z]'/? to be 


considered. 
The identical equation (4) was obtained by Prandtl* in some of his earlier 
work, but investigations upon it were not carried out at that time. 
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2 Investigations for Laminar Flow in the Boundary Layer 

Applications of equation (3) to several examples of flow were made by 
several of Prandtl’s students. One of the chief features of all these researches 
was the calculation of the point of break-away (ablésung) of the boundary layer. 

Blasius® investigated the flow along a flat plate lying along the direction 
of motion ; he also dealt with the growth of the boundary layer for two dimensional 
flow when a body is started from rest, and showed how the break-away originates 
behind the body. This latter part he applied to the problem of flow past a circular 
cylinder in accelerated motion. 

The cause of the break-away may be explained very simply by reference to 
the conditions in the boundary layer (Fig. 1). This figure shows the conditions 
in the layer due to a rise in pressure along the wall, e.g., the case of flow in a 
divergent channel where the kinetic energy of the fluid in the centre of the 
channel is being transformed into pressure energy. As we have seen, the pressure 
distribution will be transmitted through the boundary layer. The fluid particles 


Fig. 1. 
Break away of the boundary layer. 


in the layers very near to the wall possess little kinetic energy, so that, as long 
as the pressure along the wall is decreasing, these particles will continue 
in the general direction of flow, but, upon the pressure commencing to rise after 
the point of minimum pressure is passed, the speed of the particles must neces- 
sarily decrease due to the pressure acting in the opposite direction to their 
motion. At a short distance behind the point of minimum pressure the layers 
close to the wall will have no forward motion; beyond this point there will be a 
tendency for back-flow to occur and we have a breaking away of the layer from 
the surface. 

We cannot expect any break-away to occur in the flow past a flat plate 
as the pressure does not vary sufliciently along the wall—in fact, in Blasius’s cal- 
culations there was considered to be no variation, this corresponding to the case 
where the fluid is infinite in extent and the boundary layer is thin. It will 
be natural to expect break-away, however, when we are dealing with curved sur- 
faces, such as cylinders and spheres. Blasius has calculated the flow past a 
cylinder which is accelerated from rest. It appears that initially the motion 
approximates very closely to that given by the potential theory of a non-viscous 
fluid. The boundary layer increases in thickness and after a definite interval 
of time the break-away occurs at the point where the pressure rise is greatest, 
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i.e., at the rear of the body. This point of break-away moves steadily forward 
along the surface until there is established finally a condition of equilibrium. 
We know this equilibrium cannot be of long duration, due to the vortex system 
behind the body leaving the surface and moving down stream. Fig. 2 shows 
a state of affairs calculated by Blasius for a circular cylinder which has been 
in motion for a definite interval of time; the flow in the neighbourhood of the 
surface has been magnified in order to show the motion more clearly. 


Fic. 2. 
Break-away of the boundary layer behind a circular cylinder. 


Boltze® dealt with the flow past a body having axial symmetry and found 
that the conditions were similar to those investigated by Blasius. 

In carrying the calculations so far forward it must be realised that the 
theory is not really competent to deal accurately with the phenomena occurring 
in these advanced stages. The boundary layer thickens rapidly behind the point 
of minimum pressure so that the thickness of the layer at break-away is no 
longer small. The pressure distribution, being an impressed force on the boundary 
layer, will be erroneous and, therefore, the calculations will not hold. One way 
of overcoming this difficulty in the determination of the break-away point is to 
take the observed pressure distribution as obtained by experiment and use it in 
conjunction with the equation of motion. This method was first applied by 
Hiemenz,’ who dealt with the flow past cylinders. He used coloured jets to 
determine the position of break-away; his calculations agreed well with the 
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values observed. Further remarks upon Hiemenz’s investigations will be given 
below. 

The work of calculating any particular problem by the methods used by 
Blasius, Boltze and Hiemenz was exceedingly laborious. For this reason, and 
also because it was realised that the results obtained had their physical limitations, 
it was not until 1921 that appreciable further progress was made. In this year 
von Kdrmdn* published his well-known work, in which he evolved approximate 
methods for dealing with the boundary layer. ‘The method of analysis was greatly 
simplified and numerous examples were worked out by Pohlhausen. 

The simplified methods of von Kdrmdn are based upon a theorem concern- 
ing the equilibrium of the boundary layer. If 8(a) is the thickness of the 
boundary layer at position x along the wall (Fig. 3) then, for the equilibrium of 
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FIG. 3. 


Von Karman’s momentum theorem for the boundary layer. 


an element of length dx, the increase of momentum per unit of time in the element 
must be equal to the external forces acting upon it. The only external forces 
are the pressure difference and the frictional force acting at the wall. 

For the increase of momentum per second in the element we have (1) the 
time change of momentum contained in the element, (2) the increase of momentum 
over the sections perpendicular to the wall, and (3) the increase over the outer 
edge of the boundary layer. We have, therefore, the equation 


px | pu .dy—U (0/dx) fo . dy = —8 (dp/dx)—7, 


where U is the velocity at the outer edge of the boundary layer, p is the pressure 
and ;, is the wall friction. This equation could have been obtained directly 
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from the general boundary layer equation (3) by integration with respect to y. 
For the laminar boundary layer, the skin friction is given by 7,=p (Ou/dy)y-o- 

If we can assume some plausible distribution for the velocity in the layer, 
C.g., Say u=u(y) where u(y) is a function of y, then, upon evaluation of the 
integrals, a differential equation of the first order is obtained for 6 in terms of 
x, the distance along the wall. 

In applying the momentum theorem, it must be remembered that the 
accuracy of the resistance calculated will depend upon the accuracy of the 
velocity profile assumed. If w=U.f(y), where »=y/8, represents the form 
of the velocity distribution near to a surface, then it can be shown that the 
calculated drag upon the surface will involve some function of f(y). Should 
the velocity distribution be known accurately, then application of the equation 
will lead to the correct frictional drag. When only the general character of the 
velocity profile is known, however, the theorem is undoubtedly of very con- 
siderable value for the approximate calculation of the boundary layer effects. 

Pohlhausen® has applied the method to the boundary layer on a flat plate. 
He assumed various forms of velocity distribution in terms of wall distance ; 
these forms varied from a simple linear law to a more elaborate power series of 
four terms. Considering the simplicity of the forms assumed, the resistance 
coefficients calculated are very good approximations to the exact solution of 
Blasius. 

By a similar application of these methods to the case of the flow past a 
circular cylinder, Pohlhausen has reviewed and extended the work of Hiemenz 
upon this problem. Taking the special case which had previously been investi- 
gated by Hiemenz, it was shown that the approximate methods could be made to 
yieid results more reliable than the previous values. \ 

In Hiemenz’s analysis, the stream function for the flow in dhe boundary 
layer was expressed as a power series in terms of the distance measured from 
the stagnation point. He calculated only three terms of this series and 
Pohlhausen has shown that the rate of convergence is not sufficiently great to 
give an accurate velocity distribution. Pohlhausen has shown also that consider- 
able changes in the calculated velocity distribution will not affect appreciably 
the calculated point of break-away. Thus the agreement of Hiemenz’s calcula~ 
tions with observation, that 82° is the angle at which the boundary layer 
separates from a circular cylinder, is no criterion for the correctness of his 
velocity calculations. Hiemenz’s solution and that obtained recently by Thom! 
appear to have the same region of validity. The departure from the observed 
flow, and also from the approximation indicated by Pohlhausen, takes place 
when the pressure along the wall commences to increase. Thom’s experimental 
observations indicate a rapid thickening of the boundary layer in this region 
of rising pressure in the manner shown by Pohlhausen’s analysis. 

The flow in convergent and divergent channels has been considered by 
Pohlhausen in fike manner. The break-away point obtained for the divergent 
case has little physical significance, however, as, with a divergent channel, the 
laminar conditions of flow break down. 

The theory for the laminar boundary layer has been applied by Schiller’ 
with very marked success to the flow in the inlet length of circular tubes. 
At the entrance of the pipe the velocity is almost uniform across the whole 
section. A boundary layer forms on the walls, however, and increases in thick- 
ness until at a certain length down the tube the whole section is filled with 
boundary layer. In Schiller’s analysis it is assumed that the velocity distribution 
in the layer is parabolic. The distribution of velocity associated with steady 
laminar flow has been shown to be reached only after a considerable length along 
the pipe. The length in which the profile gradually grows to its full parabolic 
form is called the inlet length (anlaufstrecke), and Schiller has given this 
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length as x=0.0288 DR, where D=diameter of pipe, R>=UD/v, U=mean speed 
of flow. At distances further down the pipe, the velocity distribution for laminar 
flow will remain fully developed. Fig. 4 shows the flow in the inlet length. 


Fig. 4. 
The flow in the inlet length of a pipe. 


From this analysis of the problem, it is possible to calculate the pressure 
drop between any two seciions of the pipe at a distance | apart and this is given 
by the formula ee 

Pi — P2=4pU? (m,—m,) 
where m,, m,, are obtainable from Fig. 5. 
40 
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Pressure drop in the inlet length of a pipe. 


Writing p,—p,=A (I/D) then in the steady laminar flow A=64 
thus giving a=tan-'64. The pressure drop from the entrance section to a 
section with steady conditions at x is given by 

Po— P, =4pU? [64 + 1.16] 

These results have been applied to the theory of the viscometer having a short 
length of tube and it has been made possible to obtain with a fair degree of 
accuracy the absolute viscosity directly from the instrument observation. ! 

The chief problems to which analytical methods have been applied for the 
calculation of the laminar flow in the boundary layer have been indicated above. 
The limitations of most problems, especially of these dealing with curved sur- 
faces, will be realised. The boundary layer theory has still to be applied more 
thoroughly to several fundamental examples of flow before it can be said to have 
been developed to its full extent. A general method of following the flow past 
a surface, when the velocity distribution is given at some section upstream of 
where the flow is to be investigated, has been given recently by Goldstein." 
He has applied this step-by-step method to calculate the flow behind a thin 
flat plate, thus extending the Blasius solution into this region. The method 
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has still to be applied, however, to calculate the growth of the layer along a 
surface and to investigate the conditions near to the point of break-away. 


3 The Turbulent Boundary Layer 


As already stated, it was realised that the results of the earlier calculations 
on the boundary equations had their physical limitations. Just as in the case 
of flow in pipes, it would appear that the flow in the boundary layer is liable 
to break down from its laminar form of motion and become turbulent when the 
speed exceeds a certain value or when the layer becomes too thick. Thus, the 
type of motion to be found at infinitely large values of R will be turbulent and 
not laminar in character. In arriving at the equation for the boundary layer, 
large values of R have been assumed, but experiment shows that laminar solutions 
are not valid generally above some limiting value of R. 

The possibility of turbulence in the boundary layer was appreciated at least 
as early as 1912 or 1913. In discussing the observations of Gebers upon the 
resistance of flat plates, Blasius'* traces the transition from laminar to turbulent 
conditions. In 1914 Prandtl'® showed that the sudden drop in the resistance 
of spheres at about R,=3x 10° was due to the boundary layer becoming 
turbulent; this drop in resistance had been observed previously by Eiffel. 

Analysis of the distribution of flow in a turbulent boundary layer was due 
initially to Prandtl, and dates from the autumn of 1920, when, at a congress in 
Jena, he showed the possibility of connecting up the theory of turbulent flow near 
the boundary with the empirically established law of resistance for the flow in 
pipes. Von Kiarmadn* took up the problem and, simultaneously with Prandtl, 
established the desired connection and worked out several examples. 

The momentum theorem, given already for laminar motions, will be seen 
to hold for turbulent flow also, provided that u and p are taken now to represent 
the time-average values of the velocity and the pressure. The question remains 
as to what plausible assumption can be made with regard to the velocity distri- 
bution in the turbulent layer. To investigate this, the flow near to the wall in a 
circular tube is considered in particular, and the result is applied in the more 
general case. The effect of turbulent flow in pipes has been studied very closely 
and provides the necessary information concerning the skin friction. 

Blasius™ found from observations of his own and from the most reliable 
results collected from other researches that the pressure drop h for turbulent 
flow in the length | of a smooth circular pipe of diameter D could be expressed 
in the empirical form 

(l/D) 4pU? =0.3164 (UD (U/D) . 4pU? 
where U is the average speed of flow. As the skin friction is proportional to 
the pressure drop, Blasius’s law shows that 7, is proportional to U7/4, 

If » be the distance from the wall, then it is to be assumed that the velocity 
u is independent of the pipe diameter for small values of 7 and thus depends only 
upon the quantities wu, p, 7, 9. This assumption expresses the fact that the 
flow near the wall is governed only by the conditions at the neighbouring surface 
and is not affected by the flow conditions at a distance. The combinations of 
the four given quantities which give the dimensions of a velocity are (7,/p)} and 
v/n. An application of the theory of dimensions shows that wu will then be of 
the form 


u=B (7,/p)@+/ (y/v)" where B is a constant. 

According to what has been said, 7, is proportional to U7/4, and thus, if a 
further assumption be made that the velocity profile retains the same form for 
changes in R, then (n+1)/2=4/7, or n=1/7. 

The constant B will be obtainable from a theory of the mechanism of tur- 
bulence and will have a fixed value for smooth surfaces. It can be estimated, 
however, by comparison of the above expression for uw with experimental observa- 
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tions or by consideration of the coefficient A for the pressure drop in pipe flow. 
By these latter means von Karman has given it the value 8.7. The final expres- 
sion for u is, therefore, 

and it is seen that the velocity near to the wall varies as the one-seventh power 
of the wall distance. 

It should be noted that experiment shows a gradual change in the value of 
n as R increases. The researches of Jacob and Erk'® and subsequent investi- 
gators have shown that Blasius’s iaw holds up to about f,,=10°, but that above 
this value it is more accurate to take n as 1/8th, 1/9th, etc., according to the 
magnitude of RP. 

The equation for u, in its general form as given above, must be regarded 
as an asymptotic expression for the velocity distribution at infinite values of R. 
This explains why p (du /dy), which should be a measure of the skin friction, is 
infinite for »=o. For finite Reynolds numbers, one must assume the existence 
of a thin laminar layer in the immediate neighbourhood of the wall, where the 
oscillations must vanish to satisfy the boundary conditions. The velocity in 
this layer will be given by a linear relationship with wall distance, this line being 
a tangent to the curve for wu given by the equation of which (6) is the particular 
case when »=1/7. Outside this laminar layer there exists the turbulent motion 
having a mean velocity given by the above expression. In the middle of the 
pipe all wall elements will have some influence upon the flow and the velocity 
distribution may be expected to vary slightly from the above form. 

If a plausible distribution wu (7) near to the wall be assumed and be consistent 
with these remarks, then the skin friction is obtainable from the above equation 
(6) and will be given by 

= 22 2/ 
7,=0.0 { u? (7) 

The results of these investigations on the behaviour of a turbulent fluid 
near to a smooth wall can now be carried over to apply to the velocity conditions 
in the turbulent boundary layer. In the application of the momentum theorem 
it is usually to he taken that the distribution of velocity will follow the one-seventh 
power law. 

The two simplest problems to which this theory has been applied are (1) the 
turbulent flow upon a flat plate and (2) the flow due to a rotating disc, both of 
which problems were solved by von Karman. Prandtl’s independent solution 
of (1) is given in the Géttingen Reports'’ where a slight modification of the 
resistance coefficient is advised to make it agree with observed values. It would 
appear that the resistance coefficient undergoes a variation at high values of R 
similar to the variation occurring in circular pipes. Prandtl has also 
obtained an expression for the resistance when the layer is partly laminar and 
partly turbulent. Fig. 6 shows the three laws of resistance for a smooth flat 
plate; I holds for a completely turbulent laver, III is the Blasius law for a 
completely laminar layer, and II is Prandtl’s transition law when the forward 
part of the layer is laminar and the rear part turbulent. These three expres- 
sions for the resistance coefficient are :— 

Laminar flow, C,=1.327 R-"/? ; 

Prandtl’s transition curve, C;=0.074 R-/°—1700 R-' ; 
Turbulent fiow, C;=0.074 ; 
where C,=resistance/lpU? . F, 


F=total surface exposed, 
R=Ul/v, 

U=speed of the undisturbed flow, 
l=length of plate. 
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With turbulent flow the numerical value 0.074 is taken instead of the 
calculated value 0.072. 

The experimental verification of the validity of solutions for laminar and 
turbulent flow past a flat plate has been carried out by Hansen.'* He has shown 
that the experimental conditions over the front portion will not differ materially 
from the Blasius solution provided that the plate is thin and that the leading 
edge is sharp. When the leading edge is rounded, however, breakaway of the 
layer occurs at a very early stage and the flow is turbulent thereafter. Previous 
researches of Burgers and van der Hegge Zijnen'® at Delft had shown a devia- 
tion from the Blasius solution; Hansen has attributed this effect to be due to 
an increase of the velocity at the outside of the boundary layer, the investiga- 
tions at Delft having been carried out in a closed channel. On allowing for 
this effect, the deviation from the Blasius velocity profile has been explained 
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completely. The point of transition from laminar to turbulent conditions, as 
revealed by the change in layer thickness and in wall friction, has been found to 
be U8/v= 3100, although this value alters with change of the conditions of flow 
near the leading edge and with state of turbulence of the main stream. With 
regard to the velocity distribution in the turbulent flow, Hansen has shown that 
it is necessary to consider the flow very near to the wall if a good comparison 
with the Prandtl-von Karman value of n=1/7 is to be obtained. Considerations 
of the observed flow indicate for n a larger value than 1/7 when uy/v is greater 
than about 2000, y being the distance from the plate. 

The frictional couple acting upon a spinning disc has been measured by 
Kempf?° and others and the results are found to compare fairly well with the 
value calculated by von Karman. 

The theoretical coefficients of the frictional couple acting upon the spinning 
diss are :— 

Laminar flow, Cy=1.84 R-1/? ; 
Turbulent flow, Cy=0.0728 ; 


where ( =couple/tpw a”, 
a=radius of disc, 
»=angular speed, 


R=a?w/v. 
The frictional couple is considered to act upon one side of the disc only. 
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ParT II. 


THE DEVELOPMENT OF TURBULENCE 


(a) Experimental 

It has been usual for experimental investigations to be designed to search 
only for the causes of turbulence and not to reveal the manner in which turbulent 
motion is evolved. Thus, from an experimental aspect, the broad features of 
what occurs are fairly well disclosed, but there is only a slight indication of the 
mechanism at work. 

Prandtl?! has attempted to observe visually and photographically the 
origination of turbulence on the free surface of a water channel. By means of 
fine powder strewn on the surface, it was found that small vortices were formed 
near the walls in the inlet length and that they increased in number very quickly. 
A wave pattern of slowly increasing amplitude developed often from this system 
of vortices, but it did not always lead to turbulence. These observations suggest 
that some type of flow must be liable to oscillation and may, presumably, be the 
precursor of turbulence. Analytical investigations upon the stability of the 
boundary layer have been initiated and will be referred to in the next section. 

Schilier’s'' work on the flow in pipes has shown conclusively that it is usually 
the unsteadiness in the main flow and not the roughness of the walls that causes 
turbulence to develop. Even a considerable roughness of the walls does not have 
so great an influence as that of the inlet disturbance. 
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Critical Reynolds number for different inlet disturbances. 
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The best known results of Schiller are those illustrated in Fig. 7, which 
shows the transition from laminar to turbulent conditions for various inlet dis- 
turbances. An adjustable plate was placed near the mouth of the pipe, the 
disturbance being a maximum when the plate was nearest to the inlet. The 
figure shows clearly that an increase in the inlet disturbance results in a lowering 
of the critical Reynolds number. It will be noted however that, no matter how 
great the temporary disturbance, the flow has remained laminar below R= 2320. 

Another instructive test was carried out with a pipe of 1.6 cm. internal 
diameter. With a sharp inlet the critical value of R was found to be 2800. After 
cutting a spiral thread of 0.4 mm. pitch and 0.3 mm. depth on the inner surface, 
the critical R was found to be still the same. Upon fixing a rounded inlet to 
the rough tube it was found that laminar conditions persisted to above R= 20,000, 
thus showing that it was the sharp inlet that caused the transition. 

The divergence of the lower observations from the laminar law in Fig. 7 is 
due to the section of observation coming within the inlet length. Some of 
the older investigators, who used too short a length of pipe, have found low critical 
values of R; these erroneous results are to be attributed to observation of this 
divergence and not to an actual development of turbulence. 
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Effect of position of observation on transition curve. 


The manner in which the transition takes place will depend greatly upon 
the position of observation in the pipe. Thus the transition will be sudden if the 
observation section be far down the pipe, because here the inlet disturbance either 
will have been damped out or will have led to turbulence which will have greatly 
developed before reaching the section. Nearer the mouth of the tube the transition 
will be more gradual and the critical value of R will not be so definite. Fig. 8 
shows this effect of the position of observation upon the form of transition curve. 

By choosing a good form of entrance and by careful manipulation of the 
apparatus, Ekman has found it possible to reach R=40,000 without turbulence 
setting in. It seems, therefore, that turbulence is due to disturbances of finite 
magnitude, the laminar flow being stable for infinitely small displacements. 

A complete survey of the experimental work on the development of turbulence 


22 


has been given by Schiller,** to which further reference can be made. 


(b) Theoretical 


Problems of flow stability have been investigated analytically at various 
times since the initial researches of Reynolds. It is only in very recent years, 
however, that the calculated results have been coming more in accord. with 
practical values. A survey of the theoretical work done up to 1921 has been 
given by Noether,** and reference should be made to his paper for a comprehensive 
view of the subject up to that year. The more recent investigations have shown 
that the conditions existing in the boundary layer are responsible for the break 
down of the laminar flow. It will be to indicate these results that we shall give 
a sketch of the work here. 
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For the most part two different methods have been applied in problems of 
flow stability. These are (a) that using Reynolds’s energy criterion, and ()) that 
using the method of small oscillations. 

In Reynoids’s method a disturbance is superimposed upon the main flow 
and it is investigated whether the energy of the disturbance will increase or 
decrease. Thus, there should be a growth of turbulence if the energy carried 
into the disturbance exceeds that dissipated by it. The lower limit of R will 
depend upon the particular form of disturbance assumed; the method has been 
generalised, however, to give a more definite lower limit. It would appear that 
this limiting value of R represents the value under which the different vortices 
in the disturbance are wiped out immediately, and thus it will not represent what 
usually means the critical value between laminar and turbulent flow. All the 
values found by this method are much too low when compared with experi- 
mentally determined results (see a paper by von Karman).** 

In the method of small oscillations, disturbances are superimposed upon the 
main laminar flow and it is examined whether these disturbances will increase 
or decrease with time. If they increase, then the flow is unstable; if they 
decrease, the flow is stable. The velocity in the laminar flow is taken as a 
function of y alone, thus U=U (y). The components of velocity of the disturb- 
ance are u,, U,, and these components can be represented by a stream function v,. 
The stream function of the complete motion is then Y=v, 4 ] U (y).dy and the 
substitution of this value of J in equation (2) of Part I leads to the equation 

[(0/dt) 4+ U. (0/02) (OY, VY, (1) 
when products and squares of u,, 0,, are neglected. 

It is now usual to consider the disturbance resolvable into a series of 
component oscillations. hus uv, is supposed to be expressible in terms of the 
type f (y). et (ax—8t) where a may vary from o to XN. 

Substitution of this expression in the above equation gives 

which is the equation to be solved for the stability of any fluid motion by the 
method of small oscillations. : 

The one problem which has received thorough investigation is that of the 
flow between parallel plates produced by relative motion. The conditions have 
been fully discussed by Hopf*? and others, but this example gives no indication 
as to how turbulence develops. 

We now come to the investigations carried out at Géttingen during the last 
decade. 

Prandtl*! has followed the method, initially used by Rayleigh, of representing 
the velocity distribution of the laminar flow by a series of connected straight 
lines, instead of one gradually curved line. The velocity profiles shown in Fig. 


(2) (by ©) 
FiG. 9. 
Velocity profiles investigated for stability. 
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9 are of the type obtained in the theory of the boundary layer, and are the 
result of the action of small viscosity. Rayleigh, who ignored viscosity in the 
disturbed motion, has shown that, for stability of flow, a profile must have the 
same sign of curvature throughout. Thus, the flows represented by (a) and (b) 
are stable, while that represented by (c) is unstable. This indicates that instability 
near a curved surface will probably occur between the point of minimum pres- 
sure and the point of break-away. 

It was to be expected that the introduction of viscous effects would indicate 
a lower limit of R for each size of disturbance applied to the flow in (c). Upon 
assumptions similar to these made in the general boundary layer theory, the 
effect of a small viscosity was introduced in the above equation (2). 

The results were very surprising, however, for now both profiles, (a) and 
(b), which were formerly stable, were found to have developed instability, though 
not so strongly as that developed by profile (c). 

In previous work the trouble had been to explain the existence of instability. 
Now it was difficult to explain why the laminar motion was stable at all. 
Tietjens*® has made a full investigation of the problem and has come to the 
conclusion that the anomaly is due to the application of the discontinuous profile. 
It would seem, therefore, that one must commence with a smooth profile and 
investigate the stability of the flow represented by it. 

This more difficult problem has been attacked by Tollmien,?? who has pub- 
lished part of his results. He has applied his analysis to the case of the flow 
along a flat plate, taking the velocity distribution as given approximately by a 
linear relationship near to the wall which is connected up with the outer flow 
by a parabolic arc. 
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Defining 6 by the condition =| {(U-—u)/U}dy, the critical Reynolds 


number R=U8/v is found to be 420. When the experimentally determined 
values of Burgers and van der Hegge Zijen, and of Hansen are defined in the 
same manner, it is found that the average experimental value is 950. The 
observed critical number depends largely on the state of the on-coming stream, 
and it has been possible to lower the observed value from 950 to 500. Hence, 
when account is taken of the differences and difficulties existing between 
theoretical and experimental conditions, it will be seen that Tollmien’s result is a 
very good indication of what actually occurs. 

This work is still in progress at Géttingen and it is hoped in a few months 
to publish further investigations dealing with the motions developed when 
instability sets in. 


III. 
RESEARCH Upon FULLY DEVELOPED TURBULENCE 


Introduction 


The researches upon turbulence carried out at Géttingen are to be con- 
sidered as initial methods in an extensive attempt to analyse the phenomenon. 
The investigations have been based so far very greatly upon experimental obser- 
vation, and thus, what has been done is more truly to interpret the observed 
conditions rather than form a complete physical theory. With the development 
of a more complete theory, it seems possible that the line of attack may be altered 
somewhat. The results obtained up to the present are very instructive, but are 
still rather incomplete and there remains great scope for both theoretical and 
experimental research. 

In the kinetic theory of gases, viscosity is explained as being the result of 
transfer of momentum from one layer to another due to the thermal action of 
the molecules. Now, in turbulent fluid motion there is an analogous state of 
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affairs, though on a larger scale than that dealt with in the kinetic theory. Here, 
due to the turbulent motion, shearing stresses are caused by vortex elements 
moving from one layer into the adjacent layers, thus bringing about a transfer of 
momentum from one layer to another. Because of the similarity between the 
two systems it is not surprising that the study of turbulence has travelled along 
lines rather similar to those of the kinetic theory. 

In the following sketch of the Prandtl theory of fully-developed turbulence we 
shall consider mainly cases of two-dimensional motion. 

If u, v, are the velocity components relative to rectangular axes 2, y, then 
we may express 

v=v+vi, 


where ii, v, are the time averages at the point and wu’, v’, are the instantaneous 
departures from the mean. 

The stresses due to turbulence, which are to be superimposed upon the usual 
stresses in the fluid, are of the form 

where p is the density of the fluid and the bar over quantities denotes time 
average values. 

In turbulent flow it is the shearing stress 7,, that has the greatest influence 
upon the motion. Prandtl,** therefore, proceeds to evaluate 7,, in terms of the 
mean flow velocities 7, v, and a quantity which he calls the ‘‘ Mischungsweg ”’ 
(mixing distance or length). This length is in some ways analogous to the 
idea of the mean free path in the kinetic theory. 

Consider flow in the « direction so that a is a function of y alone. A particle 
of fluid is displaced through a distance | from one layer to another. If the 
particle had initially the mean speed of the first layer then, upon displacement, 
it will have a difference of speed from its neighbouring particles by an amount 
1 (di/dy), to a first approximation. Modifying | to represent the mean distance 
across the main flow travelled by particles from the first layer before thev lose 
their initial character, then it is seen that the mean oscillation at the point is 
u'=Il(di/dy). Regarding the oscillations v! as being induced by the motion of 
particles having opposite values of u’, the mean v’ can be set proportional to the 
mean w!. 

For the apparent stress Fx we can now write 

xy =pl? | diai/dy | .(di/dy) (1) 
where the form assumed iii for change of sign of 7 with change of sign of i. 
It has to be noted that 1 is considered to contain any necessary numerical 
coefficients, such that we have now equality instead of proportionality between 
the quantities. 

In laminar flow it is assumed that the shearing force may be expressed as 

(du/dy)=pv (du/dy) 

In turbulent flow a similar relationship is assumed possible, thus giving 

where ¢ may be said to be the ‘* apparent viscosity’? or a measure of the 
momentum interchange (‘‘ austauschgrésse ’’). Unlike the kinematic coefficient 
of viscosity v, ¢ will vary from place to place in the fluid and will also be a 
function of the velocity. 


Comparison of (1) and (2) shows that we can express 
This relationship is not accurate enough under certain circumstances and 
hence a second approximation for « has to be found. Thus, for the flow in a 
channel, when the velocity attains its maximum value, the above expression 
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indicates that « and the cross-stream velocity would vanish, which is certainly 
not the case. 

Instead of taking | da/dy | it would be more accurate to consider its 
statistical average over the section of breadth 2l, viz., { (da/dy)? } /? which, by 
development in a Taylor series, can be expressed in the approximate form 
{ (da/dy)?+U? . (d?a, 'dy?)? } 

Hence a more accurate expression is 

e=l? [ { (da/dy)? (d?a/dy?)? } ; ‘ (4) 
which is seen to vary but little from the former expression when di/dy is great 
and yet hold where the velocity gradient vanishes. The quantity l/ is dependent 
upon 
The characteristics of the Mischungsweg | have been investigated for various 
problems. In fully-developed turbulent flow the motion has settled down to 
steady conditions so that the shearing stress 7 can be obtained by integration 
when the observed values of the components of velocity and the pressure are 
substituted in the equations of motion. Having found the distribution of stress 
throughout the fluid, ¢ is obtainable from equation (2), and then | may be 
evaluated from equations (3) or (4). This is the general method for the deter- 
mination of the Mischungsweg by experimental means. Free turbulence is the 
only type of problem for which the Mischungsweg has been derived by analytical 
means. 

Before proceeding to review the main researches in which the theory of 
the Mischungsweg is applied, it may be advantageous to note an interpretation 
of | which has been given recently by von Karman.** 

He investigates the conditions to be satisfied for mechanical similarity of 
the fluctuating motions at two points in the fluid. It is assumed that the main 
flow is parallel to the x-direction and that the fluctuating flow consists of dis- 
turbances confined mainly to the direction of the mean flow. 

The mean speed relative to a definite layer may be expressed as 

Thus the stream function for the complete flow near to this layer and relative 
to it may be taken as 

(2, y) 
where wv, (x,y) is the stream function of the oscillatory motion. The vibra- 
tional motion is regarded, at least during a definite interval of time, as a 
stationary flow superimposed upon the main flow. 

Substitution of this expression for Y in the steady, non-viscous equation 
for the stream function, as obtained by modifying equation (2) of Part I, leads 


to the equation 
+— ql 2 


as a first approximation. 
When the equation is transformed by means of the substitution 


@ eu, A Of 
where the operation V* is made now with respect to €, 7. 

The quantities | and A are functions of position, i.e., functions of a,, a5, 
etc., whereas f/&, 7) is to be independent of these variables. Thus the above 
equation will be satisfied independently of | and A {i.e., of a, a”,, etc.) when 
(1) a’, . is proportional to A/I and (2) a”, is proportional to 

and A must be proportional to and a,°/a",? (or respec- 
tively. 
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Consider now the shearing stress due to turbulence. This is 
T= =p .dv,/dx . Oy, /dy 
The Prandtl expression, as given previously, is 7=pl?. a,?.. Comparison of 
the two expressions shows that Mischungsweg | may be expressed as 
l=x.ia',/u", 

where x is a non-dimensional constant, dependent only upon the nature of the 
fluctuations, i.e., upon the solution of the equation for /(€, 7). The constant « 
enters in several ways into von Karman’s recent attack upon turbulent motions. 
It will be referred to later when dealing with turbulent flow in smooth channels. 
At present it would appear that « is of the order of 0.36. 

Some account wi!l now be given of the main researches which have been 
carried out to determine the characteristics of the Mischungsweg. 


I The Theory of the Spreading of Jets 


” 


Turbulence is said to be ‘‘ free’? when it occurs inside the fluid and is 
uninfluenced by rigid boundaries. The mixing of a jet with the surrounding 
fluid and the spreading out of the wake following a moving body are examples 
of this type of turbulence. 

In analysing such phenomena it is usual to consider Reynolds number to 
be large and to assume conditions in all sections perpendicular to the directions 
of flow to be similar. Tollmien*® has worked out the theory of the spreading of 
(a) a uniform stream which mixes with the still air along one side, (b) a jet 
issuing from a thin slit and (c) a jet which issues from a small circular hole. 
For the case (a), the region disturbed by turbulence is proportional to the 
distance 2, measured from the point at which the mixing commences. Here 
the Mischungsweg is found to be given by |=ca where 

1=0.0174 r=0.0682 b 
and b is the breadth of the region disturbed by turbulence. Experiment shows 
that ¢ varies slightly with Reynolds number; as R decreases, | undergoes a 
slight increase. 

The wake behind a e¢vlindrical body and that behind a body of revolution 
have been investigated to a first approximation by Prandtl.*! He finds that the 
wake behind a cylindrical rod spreads proportionally to the square root of the 
distance behind the body, while the spreading behind a body of rotation is 
proportional to the cube root of the distance. The corresponding velocities 
in the wake are inversely proportional to the square root and to the two-thirds 
power of the distance respectively. Experiment has shown some deviation from 
these laws, especially immediately behind the body where the observed wake is 
broader than that given by these first theoretical considerations. A second 
approximation has been made by H. Schlichting*? for the wake behind a cylin- 
drical rod and by L. M. Swain** for that behind a body of rotation. The latter 
named work shows that the second term in the expression for the spreading is 
proportional to 2~'/* and that this term has greatest significance near to the body. 


2 The Flow in Pipes and Channels 
(a) Smooth Walls 


Most of the information concerning the behaviour of | near to smooth 
boundaries has been obtained from observations of the flow in pipes and channels. 
The Mischungsweg must be zero at the wall because here the oscillations must 
be constrained to satisfy the boundary conditions. The curve representing 1 
will show a steady increase from the wall towards the centre of the channel where 
it should be fairly flat. 
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In his recent investigations Prandtl** has considered | as dependent upon a 
Reynolds number R*=v*y/v where v* =1 (di/dy)=(7xy/p)'/* and y is the distance 
from the wall. The quantity v* may be taken to represent the local mean velocity 
of disturbance at the distance y. He then writes 1=y . @ (?*) and considers the 
form of the function » (R*) which can, of course, be calculated from experimental 
observations. The form of @ (R*) can be deduced from the conditions known 
to exist near to the wall when the velocity obeys the one-seventh power law. In 
the very thin laminar layer, i.e., for small values of R*, ¢=R*-'; in the 
turbulent flow where the velocity @ is proportional to y'/’, ¢=0.72 R*-/" and 
this is said to hold from R*= 20 till about R* = 10%. 

As has been already stated, the distribution of velocity at large Reynolds 
numbers is found to be proportional to the 1/8th, 1/gth, etc., power of wall 
distance, instead of the 1/7th power which only holds in the Blasius region. 
Thus Prandtl expects that at very large values of R, the effect of viscosity will 
gradually disappear and @ will approach a constant value. He has deduced the 
forms of velocity distribution and resistance coefficient for the flow in a pipe of 
radius r when @ and v* are constant; these forms make the quantities propor- 
tional to v* (log R*+c) and approximately (log h*+c)-? respectively where 
i*=v*r/v and ¢ is a constant, 

Experiments at very high Reynolds numbers are in progress to test for the 
constancy of @, but up to the present a sulficiently high value of FR has not, been 
obtained. Schiller*> has made measurements up to R,=2 x 10° and Nikuradse*® 
in his preliminary tests has attained a value of 3.07 x 10°. It may be of interest 
to note the variation in n as recorded by Nikuradse :— 

R,=UD!v ... = 92-610" 10* 
n=log u/log y = 755 1/9.4 1/9.9 

The problem of the flow in pipes and channels has been re-attacked by 
von Karman.*" The main features of his method of investigating pipe flow may 
be indicated as follows. He assumes that the Mischungsweg can be defined by 
equation (1), and further, that it may be expressed in the form 

l=xy (y/1) 
where 
(y/r?+... 
and where x is a non-dimensional constant. 
Thus, from equation (1), 
dy \ {1+a.(y/r)+b. (y/rP +... } 
and, for this particular case of parallel ow, 7,y=7, {1—(y/r)}. 
Integration from the centre of the pipe (y=r) gives 
\1/2 
= imax — tt ( ) flog. (r/y)+g (y/r)] 
where g (y/r)=o for y/r=1 and g(y/r)=—q, for y/r=o. 


Thus, near the wall of the pipe, the velocity is of the form 
i* =~ [log.(r/y)— go] 
k\p 


Now, the thickness of the laminar laver existing very near to the wall may 
be expressed as 


(p/7,)'/? 
where a is a non-dimensional constant. 


Thus, at y=6, the velocity as expressed above will be 


7, 
— (6) = ) [log. { (r/av) (7, } — Go|] 
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If a** is the increase in speed in passing through the laminar layer 


(6, 
or 
a** =7,8/n=a 
Thus the maximum speed in the pipe is given by 
limax + 
I 7, 
( — [log, { (r av) (7) } +ka— Yo | 


Defining the Reynolds number Ry and the frictional loss coefficient y by 
the conditions 
Ry= Umax r/v, y= To, pit” max 
the above equation may be expressed as 
KV 2 
=log, [Ryy'!? + (ka — log, 2a) 


=log, [Ryy'/*7]+C 


: 


20 
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The Frictional Loss in Pipes by von Karmdn’s Theory. 


Fig. 10 shows some observations plotted with Y~'/? as ordinate and 
log,, [Ryv'/*] as abscissa. The range is from Ry=2x 10° to Ry=1.6x 10° 
and thus extends through the region covered in the investigations of Stanton 
and Pannel up to the latest measurements of Nikuradse. The constant x appears 
to have a value of about 0.36. 

It will be noted that R,, and v are defined in terms of the maximum speed of 
flow and not, as is usually the case, in terms of the mean speed. 

The theory in its present form indicates that an allowance for the variation 
of thickness of the laminar layer may tend to bring all observations of the 
turbulent resistance in smooth pipes into a single law. It is possible by means 
of this theory to show that the index connecting velocity distribution and distance 
from the wall will undergo a gradual change with increasing Reynolds numbers 
in the recognised manner. The idea of developing the velocity distribution from 
the centre of the pipe, and not from the wall as is usually done, appears to go 
back to some investigations carried out by Stanton. 

The flow in smooth channels of a non-circular section has also received some 
attention from an experimental standpoint. Nikuradse*’? has explored the flow 
in channels of triangular and rectangular section. As the values of R were not 
very great, he obtained good evidence of the validity of the 1/7th power law near 
the walls. In addition he has calculated the value of the constant B-7/*, which 
enters into equation (7) of Part I by consideration of the total shearing force 
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acting upon the profile and of the pressure drop along the channel. The values 
obtained are found to compare favourably with that deduced by von Karman. 

It is found that turbulent flow in channels of non-circular section develops a 
three-dimensional character ; thus, secondary flow is a feature which often appears 
when a boundary is discontinuous. Fig. 11 shows the contours of constant 
speed, obtained by Nikuradse in channels of rectangular section. By the spiral 
motions of the secondary flow, fluid is carried along the bisector of the angle 
into the corner and then proceeds parallel to the walls. The speed in the corners 
would not be so great as that observed were it not for secondary flow. 


(b) Rough Walls 

The flow in channels having rough walls has been investigated at Aachen 
" by Fritsch.** He used surfaces similar to those introduced in the researches 
of Hopf and Fromm.*’ As these latter investigations may be unfamiliar, a short 
outline may be given as follows :—- 

Hopf collected and analvsed the results of numerous researches on pipes of 
various materials. He has found that they can be classified into two distinct 
types according to the form of resistance curve given. Thus, pipes of medium 
roughness (e.g., rough iron, cement, etc., walls) give a pressure drop propor- 
tional to the square of the velocity while pipes having smooth undulating surfaces 
(e.g., walls of wood, sheet iron, ete.) give a pressure drop almost parallel to the 
smooth Biasius curve. These two tvpes are shown in Figs. 12B and 124 respec- 
tively. There is some evidence that at high Reynolds numbers the undulation 
tvpe goes over into the roughness type; this is shown in Fig. 12¢ which gives 
the pressure drop in drawn metal tubes. 
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Fig. 12¢. 
The pressure drop in drawn metal pipes. 


Fromm found an additional type that has, however, little practical signifi- 
cance. He investigated the pressure drop for channels having serrated walls, 
the surface of a wall being saw-like in profile. It was possible with this type 
of channel to obtain a resistance increasing more rapidly than the square of the 
velocity. 

Thus, Hopf has shown that the roughness effect cannot be accounted for 
generally by one quantity. In addition to the Reynolds number R, the flow in 
a rough channel will also depend on quantities [?,, R,, R,. ... The relative 
roughness of the wall will be accounted for by R,=k /r where r is the hydraulic 
radius of the channel=cross-sectional area/perimeter. R, may be taken as 
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independent of r, thus accounting for the effect of the density of the projections, 
while R, may depend in some manner upon the velocity alone. 

As has been stated, Fritsch used surfaces similar to those of Fromm. 
Comparison of the various velocity profiles for the same ‘quantity of flow, but 
with different wall conditions, shows very little similarity between the distribu- 
tions of speed. If, however, comparison of the distributions is made for equal 
pressure drop conditions then the profiles of velocity in the centre of the channel 
are found to be congruent. This shows that the action of turbulence is the same 
for equal values of wall friction in all channels whatever the particular conditions 
at the walls, and is thus a good verification of the Prandtl-von Karman assump- 
tion that the velocity distribution in turbulent flow depends on the wall friction 
alone. 

The distribution of the Mischungsweg has been found by Fritsch to be 
practically the same for smooth, rough and undulating walls; the distribution for 
toothed surfaces shows some deviations however. 


3 The Flow in Convergent and Divergent Channels 


The conditions existing in the turbulent flow between converging and 
diverging walls has been extensively examined. At least five different researches 
have been carried out at Géttingen upon this subject, but we shall only consider 
two of these in detail as the others are older and were carried out before the 
initiation of the present methods of attack. 

The first test was that of Andres,*" who expiored only the pressure distribu- 
tion along the axes of divergent channels of various forms of cross-section. 
Hochschild"! investigated the flow of water in convergent and divergent channels 
of rectangular section for opening angles between o degs. and 12 degs.; he 
found that the energy loss was proportional to the square of the velocity for 
large opening angles. Unsymmetrical pressure distributions were found to exist 
due to the breakaway of the flow occurring on one side only. He showed that 
the disturbances originated at the wall and spread through the fluid at a rate 
depending upon the rate of widening of the channel. Disturbances in convergent 
channels were found to be confined to a layer near the wall. The experiments 
of Kréner** dealt with the flow of air in strongly divergent channels, the angles 
between the walls being between 12 degs. and 24 degs. The flows observed in 
Kréner’s and some of Hochschild’s tests were very unsteady due to the ratio 
of length to breadth not being sufficiently great. 

The two recent researches which interest us most are those of Dénch** and 
Nikuradse.“" 

Dénch explored the airflow in a wooden channel which was 7 metres in 
length and 65 cm. in height. The inlet length of 4 metres was 1o cm. broad; 
the breadth in the divergent portion increased up to 30 cm. Thus, the maximum 
angle between the adjustable side walls was 3 degs. 

Nikuradse used a water channel which was designed upon the experience 
gained in Dénch’s investigations. The channel of machined brass had a length 
of 4o cm. and its narrowest breadth was 1.2cm. The height was 30 cm. and 
the walls could be opened to a maximum angle of 16°. Measurements were made 
at two sections lying 12cm. apart and the pressure drop was obtained from 
observations of seven fine holes, placed at intervals of 6 cm. in one wall. By 
making the walls smooth Nikuradse avoided roughness effects which were sus- 
pected in Dénch’s wooden channel. Also, the flow at the centre section was 
nearer to the ideal two-dimensional flow than that obtained by Dénch. 

The velocity profiles found by Nikuradse are shown in Fig. 13 in a non- 
dimensional form, and are of the same nature as those obtained in the other 
tests. Positive angles represent diverging, and negative angles converging flows. 
a represents half the angle contained by the walls and 2b is the breadth of section 
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considered. It has been shown that velocity profiles are similar with different 
values of a, and of R when ak?/* is constant. Thus it has been possible to com- 
pare the two sets of profiles and the comparison is found to be good. 
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Fic. 13. 
Flow in convergent and divergent channels. 
The velocity distribution. 
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The calculation of 7, « and | has been carried out in the usual way by 
substitution of the observed velocities and pressures into the appropriate form of 
the equation of motion. Dénch, however, had to devise a method of correcting 
for effects of the roof and floor of his channel. 
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In a convergent channel, the shearing stress falls rapidly with distance from 
the wall, there being a region in the middle of the channel where the stress is 
practically negligible. In divergent flow the conditions are quite different. Here 
r increases with distance from the wall, attains a maximum between 0.15 and 
0.3 of the breadth of the section and then drops to zero at the centre. With a 
parallel channel 7 decreases linearly from the wall to the centre. 

The curves of ¢ for all channels are shown in Fig. 14. The limitation of 
the interchange of momentum to a layer near the wall in convergent flow will be 
yoted. Fig. 15 shows the curves for the Mischungsweg. 
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Fic. 15. 
The Mischungsweg in convergent and divergent flow 


Dénch, whose tests were carried out with R about 2x 10°, found that the 
velocity distribution near the wall satisfied an 3th power law of wall distance 
for all types of flow. Nikuradse’s main experiments were carried out at a lower 
value of R (of the order 6.7 x 10‘) and it was found that the 1/7th power law 
satisfied the distributions. Fig. 16 gives the velocity distributions in parallel 
flow at the two values of R. 

Some interesting observations have beea made by Nikuradse at angles giving 
unsymmetrical or unsteady flow. Thus, it has been found that flow is unsym- 
metrical with a=5°, back flow developed on one wall only at about 6 degs., while 
at 7 degs. and 8 degs. break-away oscillated from side to side. 


4 The Two-Dimensional Flow in a Curved Channel 

The experiments which were carried out at Géttingen, preliminary to the 
building of the large wind tunnel, had shown a considerable loss of energy at 
the four corners of the return channel. This loss had not been explained at the 
time, but the results of more recent experiments upon turbulence suggested to 
Betz that a possible explanation lay in the effect of the centrifugal force upon 
the growth of the boundary layers. The investigations described here were 
carried out by H. Wilcken, a student of Betz,** who has given recently an 
account of the results : 

It is well known that, for curved channels of circular or square section, 
secondary flow is readily set up. Due to the slowly moving layers being swept 
round by the spiral vortices, it is usual in these cases to find an accumulation 
of slowly moving fluid near the inner wall. In order to minimise this effect 
the experimental channel had a high and narrow cross-section; thus the flow in 
the centre section was approximately two-dimensional. 
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Initially a channel of great curvature was used, as the preconceived idea 
was that the curvature would not greatly affect the growth of the boundary 
layers. When it was found that the outer layer thickened very rapidly this 
was thought to be caused possibly by the increase of pressure occurring at the 
outer wall due to the transition from straight to curved flow. This pressure 
rise is reduced by reduction of the curvature of the channel. 

Experiments with channels of various curvatures have all shown that the 
boundary layer on the outer wall thickens much more rapidly than the layer on 
the inner wall. It is evident now that the influence of the pressure rise cannot 
be great. 
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The flow near the wall in a parallel channel at different Reynolds numbers. 


The general effect of curvature upon the growth of the boundary layers can 
be explained as follows: In approaching the outer wall the angular momentum of 
the successive layers decreases so that the centrifugal action upon a fluid particle 
a short distance away from the wall is greater than the centrifugal action upon a 
similar particle nearer the wall. This state of affairs is unstable, turbulence 
develops and there is intensive interchange of momentum between the successive 
layers, which results in a considerable thickening of the complete boundary 
layer. At the inner wall the opposite effect takes place. Here the flow is 
rendered more stable by the curvature of the flow, the interchange of momentum 
is reduced and the thickening of the boundary layer is not so rapid. 

In Wilcken’s experiments the static pressure and the total head were 
measured by means of small tubes at seven sections, each 30° apart, in a semi- 
circular channel having walls of 40.5 cm. and 50.0 cm. radius. The static pres- 
sure at the walls was observed also. Tests carried out at the go° section showed 
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that the end effects were not great, so that the flow measured was practically 
two-dimensional. Some idea of the relative thickening of the layers can be 
gathered from the following figures: At the go° section the thicknesses of the 
outer and inner — were 3.4 cm. and 1.3 cm., while at 150° they had increased 
to 6.5 cm. and 1.75 cm. respectively. 

As the layers were separate up to between 150° and 180°, it was possible to 
apply the momentum theorem for the calculation of the shearing force 7. The 
apparent viscosity « was calculated from the relation 

{ dv/dr—v/r+(1/r) (dw/dé) } 
where v, w, are the velocities relative to the axes r, 6. The last term on the 
right was found to be negligible except near the entrance to the channel. 


Having obtained e, the Mischungsweg | was calculated from the equation 
l= { e/(dv/dr+v/r) 


The difference between the effects in the inner and outer layers is shown 
clearly in Fig. 17. Upon comparing ¢ with the usual value of v (say 0.15 cm.*/sec.) 
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Distribution of ¢ in the boundary layers of a curved channel. 


it will be seen that the apparent viscosity may be 400 times as great as the normal 
viscosity. Fig. 18 gives | in the outer layer at the 60° and 120° sections. The 
curves are seen to be considerably different from those for the flow past a flat 
plate as derived from the researches of Hansen and v.d. Hegge Zijnen. 


Betz has already pointed out that the great viscosity must affect the pos- 
sibility of break-away. With a thick boundary layer, the tendency to leave the 
wall is great, but the increase of the apparent viscosity must act as a check. 


Some further researches have been carried out by F. L. Wattendorf and 
the present writer upon a modified form of the Wilcken apparatus. 


In Wilcken’s experiments it has been shown that the effect of curvature upon 
turbulence is considerable. It still had to be investigated, however, as to what 
form of velocity distribution would be obtained when the turbulent flow had 
become fully developed. By using a narrower section of channel (the breadth 

was approximately 3m. ), it was possible to obtain a fully developed velocity 
profile from the 90° to the 180° sections. The distribution of velocity shows a 
very rapid rise at the outer wall while at the inner wall the rise is much more 
gradual. Over a portion near the centre of the channel the speed is almost 
uniform. 
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5 The Flow Between Rotating Cylinders 


Investigations upon this problem are still proceeding, but as Prandtl*® has 
already given an account of some of the results, it may be advantageous to note 
these here. What has been done so far is to consider the different types of flow 
to be observed, and to find the conditions under which these types appear. 

The velocity a being a function of the radius r, stability or instability will 
depend upon the velocity distribution. Elementary considerations show that the 
motion is stable or unstable according as the angular momentum per unit mass 
increases or decreases with increasing radius. Thus, due to the action of centri- 
fugal force alone, a displaced particle will return to its former position if the 
angular momentum per unit mass increases outwards, but will continue to move 
away from its initial position if the angular momentum decreases. It is evident 
that if we write 7=ar" and assume that the Reynolds number is great, then the 
flow with n less than —1 is unstable and all flows for n greater than —1 are 
stable. The flow with n= —1, which is the case of potential flow, is thus seen to 
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Fig. 18. 
The Mischungsweg at the outer boundary of a curved channel, 


be a condition of neutral equilibrium. When n < —1, the flow will break down 
and the vortex system, studied initially by G. I. Taylor, will be formed. 

From considerations of the rate that work is done by the turbulent stresses, 
when a turbulent state of flow is assumed, and of the work done against the 
centrifugal force in displacing a fluid particle, Prandtl has found that with n > 2 
turbulence will persist. 

Experiments are in progress in Géttingen to test these results and to investi- 
gate the frictional force acting under the different conditions of flow. It is 
understood that G. I. Taylor has made similar investigations upon this problem. 


CONCLUSION 
In conclusion, a few remarks upon some present and some future develop- 


ments may be of value. 
The general theory of the boundary layer and its applications have been 
indicated in Part I; there remains in this section considerable scope for analytical 
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and experimental research. In order to gain more correct information con- 
cerning break-away, an accurate calculation of the development of the laminar 
boundary layer in a region of increasing pressure seems highly desirable. The 
turbulent boundary has to be investigated still more thoroughly and Prandtl"* 
has suggested recently that an approximate method of attack might be 
developed along lines sinvlar to these used in von Karmdan’s method for the 
laminar layer. ‘This investigation would lead to an examination of the condi- 
tions affecting break-away of the turbulent layer. 

The investigations upon the origination of turbulence have been described 
in Part I]. The researches being carried out at G6ttingen at present should go 
far to explain the type of oscillatory motion set up in a fluid when the laminar 
flow in the boundary layer becomes unstable. Further experimental research in 
this section must necessarily be influenced by the theoretical results obtained. 

The development of the theory of the Mischungsweg has been indicated in 
art III. This theory kas been of value in revealing something of the inner 
mechanism of turbulent flow. It is a theory in so far as it postulates a definite 
form for the frictional stresses and may be regarded therefore as a means of 
interpreting observed flows to a first approximation. The researches described 
above have been designed to exhibit the characteristics of turbulent motion under 
various conditions of pressure gradient, curvature of flow, etc. The application 
of the knowledge gained to any practical example where a number of effects are 
present has been impossible so far. 

The oscillatory motions wu’, v', are being investigated at present in greater 
detail. The distribution of the mean absolute value of uw’ for flow in a parallel 
channel has been obtained by Nikuradse‘’? by analysis of cinematograph films. 
Research upon the same problem is proceeding at Aachen by a different method. 
The recent investigations of von Kaérmadn** have been noted above in two sections, 
This work views the theory of the Mischungsweg from a new angle and is being 
applied to a number of examples, including the case of the flow past a rotating 
cylinder. 

The difficulty of analysing practical examples of turbulent flow will be 
generally realised, and no attempt has been made in this paper to indicate the 
practical value of these researches. It seems probable, however, that when 
sufficient insight and information has been gained, practical problems, such as 
these met with in aerofoil and airship work, may be successfully attacked. 
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DISCUSSION 


Professor L. Barrstow: Dr. Maccoll had had to learn the German language 
as well as his subject before he was in a position to give an account of what 
was happening in Germany. After reading the paper he (Professor Bairstow) had 
been impressed by the extreme complication of the whole subject and the ap- 
parently little connection between the German methods of solution and_ the 


equations of motion of a viscous fluid. All would have noticed how often new 


variables were introduced into the equations to deal with failures of the original 
hypotheses. It seemed that the Germans were making an engineering attempt 
to get solutions of practical value and had little hope of solving the equations 
of motion in a sense which would satisfy Professor Lamb. Of course, one knew 
that Professor Prandtl had introduced into aeronautics the best and most useful 
working hypothesis of modern times. The aerofoi] theory which was associated 
with Prandtl’s name was well known in this country and was widely used. At 
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the same time, those who looked at the subject closeiy realised that it was an 
approximation difficult to justify, and therefore one which needed careful handling. 
The theory, as far as its mathematics was concerned, was concerned with the 
abstract ** perfect fluid,’’ but neither air, water, nor any fluid of which we had 
experience was perfect in the mathematical sense. It was diflicult to argue about 
a substance of which one could not have any real experience. Nevertheless, the 
theory was good within limits. Laboratory experiment on the other hand which 
was being carried out—was based fundamentally on the idea that air was a viscous 
fluid, and one would automatically turn to Prandtl’s second hypothesis, that 
of the boundary layer which involved viscosity, in the hope of making the next 
step forward in aerodynamic theory. In this country a good deal of time was 
being devoted to the investigation of boundary layer flow. He believed our out- 
look was a little different from that in Germany. We were often frankly 
experimental, as in the work at the National Physical Laboratory, where wires 
were being placed in the boundary layer, and by the use of transformers, etc., 
it was possible to observe variations in current, and it was possible to distinguish 
fairly clearly between laminar and turbulent flow by hearing it through the loud 
speaker. He was not sure, after reading the paper, how much work had _ been 
done in applying the boundary layer theory of laminar flow to curved surfaces, 
for he had seen very little in the way of records. There seemed little doubt, 
however, that the flow at the forward part of a surface—as, for instance, the 
bow of an airship—could be accounted for fairly completely by Prandtl’s boundary 
layer theory. That seemed likely to be fruitful of practical results, but when we 
came to the theory of turbulence there was very little solid ground on which to 
build any theory, and the empiricism was not always well founded. He did not 
wish to suggest that empirical methods of enquiry would not lead to useful 
results, but he would suggest that there were other lines of enquiry, starting 
more fundamentally, which we might follow in this country. Instead of attempt- 
ing to account at once for a known useful motion, it might well be profitable to 
make experimental investigations in the neighbourhood of the breakdown of 
laminar flow and ascertain if that breakdown could be accounted for mathemati- 
cally. Such an investigation would be slow, but Prandtl’s laminar boundary 
layer theory was put forward 26 years ago, and there. were still few solutions 
of it. Fortunately, in the Universities we have the atmosphere necessary for 
attack on these problems and we can attend to a field of work which is scarcely 
touched by present German research. The reading of Dr. Maccoll’s paper had 
been a great help in that it showed more exactly than before what was the 
extent and the limitation of German investigation in the problems of fluid motion. 

Mr. H. E. Wimperts (Director of Scientific Research, Air Ministry), after 
a tribute to Dr. Maccoll, confirmed Professor Bairstow’s statement that the 
problem was being studied at considerable detail by the Aeronautical Research 
Committee, whose investigations were ably supported by the staff at the National 
Physical Laboratory and at Farnborough. It was an exceedingly complex problem. 
Discussing the practical application of the investigatory work, he asked a question 
with regard to the air flowing around a curved surface. The flow of the air 
in contact with a curved surface slowed up, and eventually broke away. One 
could stop the breaking away either by sucking the air forward or by giving 
it a push from behind, either by suppiving fresh power or by the use of some 
such device as the Handley-Page slot, and he asked Dr. Maccoll if he had seen 
any work carried out in Germany which would indicate whether the air was 
dealt with more efficiently by drawing it forward or pushing it from behind. This 
was a very practical question, he added, because the effects were very great, and 
he felt sure that the prospects ahead, on the research side, of doing something 
useful in that direction (or at any rate of studying the matter much more inten- 
sively than we had in the past) were very much in the minds of those concerned 
with aerodynamical work. In a further tribute to Dr. Maccoll for having given 
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the Society a paper on this work in Germany, he said it was a splendid thing 
for the research staffs who were working on problems of this kind to have news 
from the friendly scientific front in Germany. 

Mr. A, Face welcomed the opportunity to thank Dr. Maccoll for his paper, 
because it gave at the same time an occasion to pay tribute to Professor Prandtl 
and his fellow workers in Germany. The general impression that the paper 
had made on his mind was that the time was almost ripe for a Newton, or 
perhaps he ought to say an Einstein, to rise and give us a complete theory of 
turbulence. Then, he believed, some of the researches which so far appeared 
to have a detached value might fit into a generai scheme, for, it should be 
remembered, that but for the work of earlier observers, Newton probably would 
not have developed his theory of universal gravitation. A year or so ago, con- 
tinued Mr. Fage, he had had occasion to carry out some work on the breakaway 
of the boundary layer from a cylinder, and the impression he had had at that 
time was that the existing theories were quite inadequate to predict the break- 
away. Therefore, he was glad to note that further theoretical work was being 
carried out in Germany on the prediction of the positions on a curved surface 
where the transition from laminar to turbulent flow took place, and where the 
breakaway occurred. At the National Physical Laboratory some work had been 
done on the spreading out of vortex sheets leaving bodies of various shapes, 
and he was pleased to be able to say that the results agreed in a general way 
with the theory initiated by Professor Prandtl and with the results of experi- 
ments by Dr. Tollmien. He agreed with Professor Bairstow that the paper did 
not give a theory of fluid motion. By that he meant that if one considered any 
one of the problems mentioned it would be seen that experimental information was 
used. For example, in the prediction of the position of breakaway, the observed 
rate at which the velocity round the surface changed was used; or in the case 
of the spreading out of vortex sheets, if one knew the rate at which the sheet 
opened out, one could calculate the velocity distribution. He had a great deal 
of sympathy with Professor Bairstow’s point of view, but it appeared that a 
direct frontal attack on the general problem of fluid motion was extremely 
difficult. It might be possible later to ‘co-ordinate all the various researches 
given in the paper, but it would be very diilicult to anticipate when that time 
would be. 

Major A. R. Low made a few genera] points with regard to the contents 
of the paper, and intimated that he would prefer to deal in writing with the 
details. In the first place, he said that the attack on the direct solution of 
equations of viscous fluid motion was a complete failure so far. The alternative 
was to observe particular cases of motion and try to apply mathematics to those 
particular cases, and that had succeeded in an extremely limited range. 
Where there was slow motion it remained stable and laminar. The 
simple forms of flow down a straight pipe had been solved, and also the flow 
round the profile of a wing where the flow remained stable. The methods of 
solution were worked out by Blasius in 1910, in a paper, to the importance of 
which a member of the Committee on Aeronautics, had drawn attention 
quite recently, and which he (Major Low) hoped to apply to the case where the 
motion became unstable and passed to a second type of motion which was 
again slow and stable. For instance, in the case of Taylor’s classical experi- 
ment, where a fluid rotating uniformly between two cylinders broke down and 
set up transverse cyclic motion, there were two steady motions, one of which 
released energy in passing to the other, and the solution was perfectly satis- 
factory. So that one could not say generally that instability problems could not 
be solved. But where there was no second steady state of motion, where the 
motion broke down and set up a new configuration of flow, and where that in 
turn broke down and set up another, and then another, and so on, then one got 
what was loosely termed ‘‘ turbulence,’’ and he saw not the slightest indication, 


an 

he 
id 
ut 
1e 
~h 

1s 

at 

xt : 

is 

t- 
ly 

d 

n 

y 

rt 

1] 
5 

O 

: 

y 

S 

1 

> 

; 


682 J. W. MACCOLL 


either in the German work or in that which was done in this country, that 
any real progress had been made mathematically in solving the problems of 
turbulence. He made that statement, not on his own authority, but on the 
authority of Prandtl himself. At a meeting at Aachen, in June, 1920, Prandtl 
had warned some of his colleagues that the so-called theory of the resistance 
to flow as applied to turbulent flow was not a theory but an empirical equation, 
Major Low suggested, therefore, that Dr. Maccoll might make it explicit in 
his wording that these things were not theories, but that we were tinkering 
away at empirical equations. The only thing we could do was to strive for another 
five, ten or perhaps fifty years, and perhaps one day light would come. He 
considered that the clouds were thicker and gloomier than ever, because we 
had come to know they were there, whereas ten years ago we did not know. 
Dr. A. P. Tuurston said it seemed to him that the theory of the boundary 
layer promised big developments in aeronautics in the future, : 
A particle of air in passing over a body as shown in the figure was subjected 


=e 


to three conditions. There was the general flow endeavouring to carry it on, 
the friction which retained the boundary layer and the energy of the particle 
which appeared either as pressure energy or as kinetic energy according to the 
shape of the body. The air was more or less at rest at the points A and B, 
with the result that pressure was generated. At C and D the air was accelerated 
and there was a rarefaction or a suction. Consequently there was a_ pressure 
gradient from A to C and B to C and also from A to D and B to D, hence 
the air flowed in the boundary tayer and piled up at the points C and D setting 
up departure or turbulence. 

Various means for controlling turbulence were known and it seemed to him 
that, by suitably controlling turbulence, we could best make aeroplanes stable 
and safe. The public would not continue to fly in machines which, in operation, 
were like men balancing on a tightrope. We had got to be able to descend 
slowly, and by controlling departure, he thought it should be possible to improve 
greatly aircraft landing. 

There were five or six ways of controlling departure and stalling and one 
of these ways had never been described and it was premature to describe it. He 
would, however, draw attention to the method adopted by nature in the bird’s 
wing which formed from the development of the bones and fingers of the arm 
and hand. The fourth and fifth fingers were atrophied. The third supported 
the basis of the primary quills. The second or fore-finger formed the main portion 
of the wing, but outside it on its top front edge it had a ‘‘ thumb,’’ which was 
formed as a little wing—an ulula, ala-spuria, or bastard wing. When the bird 
was in difficulties and was liable to stall, or when the bird was taking off or 
landing, this littlhe wing opened out and held the air on the top surface; in 
fact, it directed the air to the position at which the air was uncertain and so 
prevented departure and prevented stalling. He was glad to hear the remarks 
made by Mr. Wimperis concerning the Air Ministry, because when he (Dr. 
Thurston) had submitted his invention of alula control many years ago he was 
told that it was impracticable. He had found when he placed in a wind channel 
an aeroplane having a little wing or alula pivoted to its leading edge by means 
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of links, that the alula shot out automatically at certain inclinations of the 
main plane, and at times oscillated in an almost dangerous way, but that can 
be controlled. Another way of controlling turbulence was by sucking in air 
at the point where ‘‘ departure *’ was occurring, because ordinarily the air, 
under the influence of the pressure gradient, flowed along to the point of ‘‘ de- 
parture ’? and formed a ‘‘ hump,”’ and it was the sweeping of the stream of air 
over that ‘‘ hump ”’ that set up the ‘‘stall."’ Again, the pressure gradient could 
be neutralised and, therefore, turbulence could be prevented, by blowing out air 
at certain points, or by placing a rotor plane in the nose of the aeroplane. 

Dr. Thurston pointed out that in Dr. F. W. Lanchester’s book on Aerody- 
namics, dated 1907, see particularly Figure 114, page 266, there was a very 
good diagram of an impression of the boundary layer theory. 

Finally, in an expression of thanks to Dr. Maccoll, he said the paper was 
worthy of very careful study, and he was convinced that it would lead to very 
considerable advances in aerodynamics. 

Mr. TOWNEND was very appreciative of the fact that Dr, Maccoll had sum- 
marised the German work on flow in the boundary layer, because whenever he 
wanted information about boundary layers he never knew where to look for it, and 
if he did find a reference to it it was usually in German, 

Dr. LacHMANN prefaced his remarks by pointing out that he must not be 
considered a_ representative of German  aerodynamical research workers ; 
besides, he had been in the Far East for some years and had been rather 
out of contact with the work done in Germany. He referred to an in- 
teresting paper on turbulence, presented by Professor Prandtl at the World 
Engineering Congress held in Tokyo in October, 1929, and read from it an 
extract which was interesting from the point of view of the aeronautical engi- 
neer. The aeronautical engineer, he said, was inclined to draw as much useful 
knowledge as possible for his special work even from unripe theories—and he 
considered that the theory of turbulence could be called an unripe theory. 
Reference had heen made by Dr. Maccoll to the work of Nikuradse and Dénch 
concerning the flow in convergent and divergent channels. From those tests 
Prandtl had derived a criterion for the breaking away of the flow from 
the wall, and this was most interesting from the aeronautical point of 
view, because it is the breaking away from the wall that causes the stall, and the 
flow over the back of an aerofoil is in principle equivalent to the flow through a 
channel with divergent walls. The problem is in both cases the retarding of a 
fast motion with a corresponding increase of pressure. The usual fluid motions 
of technical importance past ships, airships, aerofoils, and so on, for which it is 
absolutely necessary, in order to obtain a small resistance, that the flow should 
close up well behind, would not be possible without the help of turbulence. It is 
then a very important problem to determine the conditions under which the 
motion in a turbulent frictional layer at the surface of a body is everywhere in 
a forward direction. The following ratio may be considered as characteristic 
in expressing the influence of the pressure increase on the behaviour of the flow 
in the frictional layer. 

where 6=thickness of the frictional layer measured in any manner previously 
decided. 
Ap/Aw=pressure gradient along the wall. 
pu,?/2=dynamical pressure of the velocity at the boundary of the frictional 
layer. 


However, the condition we are looking for will not be obtained simply by 
taking a certain value of the ratio ‘‘w’’ as the criterion for the occurrence of 
backflow for the Reynolds number has a certain influence. For smooth walls, 


and in that range of Reynolds numbers in which the velocity in the neighbour- 
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hood of the wall is proportional to the seventh root of the distance from the 
wall, a calculation reproduced in the paper by Nikuradse shows the criterion 1s 
of the form of 
{for turbulent flow) and 
w=number x v/u, . 
(for laminar flow). 

F rom the form of both equations it follows that, for fairly large values of 

.6/v, the pressure increase which can be reached in laminar flow is small com- 
ie with that possible in turbulent flow, 

The values of both ‘‘ numbers ”’ naturally depend on how the thickness of 
the frictional layer is defined. It is not to be expected that we shall get exact 
numbers since the two equations are only rough estimations. 

It can, however, at once be seen from the form of equation (1) how very 
decisive the prevailing thickness of the frictional layer is in regard to the maxi- 
mum pressure increase the motion can overcome without return flow. 

The thicker the frictional layer the smaller are the possible values of the 
pressure increase. 

Dr. Lachmann said he cited this extract from Prandtl’s paper because he 
felt that it explains to the aeronautical engineer, who is less familiar with the 
purely scientific side what an important réle turbulence plays in technical aero- 
dynamics and how the general and theoretical investigations are linked up with 
the most vital problems of flight, namely, burbling and stalling and skin friction. 

Equation (1) represents in a very neat form the theory of the slot and of the 
favourable influence of sucking away a portion of the frictional layer into the 
inside of the body or wing. In the case of slots or any equivalent blower device 
additional kinetic energy is introduced to the boundary layer and pu,*/2 1s 
increased. 


By sucking away the thickness 4 is reduced. By both methods greater pres- 
sure increases are possible without return flow than in ordinary fluid motion. 

Referring to the question asked by Mr. Wimperis, as to whether the sucking 
away of the boundary layer or blowing jets of air out of nozzles was the more 
effective way, Dr. Lachmann said that so far as he remembered, tests carried 
out at Géttingen had shown that of both methods suckng away was by far the 
more effective and more economical way. He had a feeling that the system of 
sucking away the boundary layer could be practically applied in order to reduce 
the resistance of engine nacelles, especially of engines arranged in special 
nacelles separated from the wing structure, and maybe one could use the engine 
itself as a pump. 

Dr. RICHARDSON said it appeared to him that the experiments carried out 
at Gottingen were rather in the nature of engineering experiments, and he had 
wondered whether such large scale measurements of the pressure drop along a 
plate and in pipes could be applied to equations which dealt with molecular 
motions of so intimate a nature. It was not until he had seen the paper of 
Nikuradse that he had read of practical measurements in Germany which aimed 
at what might be called a direct test of these laws, and those measurements were 
made with a pitot tube—an instrument having a respectable antiquity—traversed 
across the mouth of a pipe. He would like to know why, although hot wires 
were used in England, in Holland and in America, they were not used in Ger- 
many; he did not know whether the Germans were prejudiced against the hot 
wire, or whether they had some preference for the pitot tube, but by traversing 
a hot wire across a pipe one could quite readily show the change over from 
laminar to turbulent flow, as the velocity at any radius could be readily deter- 
mined, after applying a correction for the heat loss to the boundary. At 
increasing speeds the law of variation of velocity with distance went up gradually 
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until it reached the seventh power of the velocity given by the theoretical formula 
of Prandtl. By using the method mentioned by Professor Bairstow, of coupling 
up the changes of resistance through a transformer to a vibration galvanometer 
or to a loud speaker one could find at what velocity turbulence set in at different 
layers across the tube. Incidentally, the results obtained by that method con- 
firmed the work of Dr. Schiller, in that the turbulence seemed to arise, not from 
the roughness of the surface itself, but from some form of disturbance developed 
from the middle of the tube, and probably originating at the inlet. With regard 
to the change over from the v7 law to the v* or v*, with very high Reynolds 
numbers, he said the work he was mentioning was not carried out at sufficiently 
high Reynolds numbers to get more than the seventh power—it was more likely 
the fifth or sixth—but he asked whether the anomalies could not be explained by 
a possible change in the viscosity coefficient; he did not mean the apparent 
cocflicient, measured from the pressure drop along the tube, but the real viscosity 
coefficient of inter-molecular action. To explain his meaning he referred to ¢ 
colloid, which did not behave, with regard to shearing forces, as did an ordinary 
liquid. In an ordinary liquid the viscosity coefficient was constant, but if one 
had a colloid in any viscosity apparatus one found that the viscosity changed 
with the amount of shear, and he had wondered whether, at the high values of 
shearing force which must obtain at high Reynolds numbers, there might not 
he some analogous change in the viscosity coefficient of a gas. Possibly the 
German and other workers might care to consider that possibility. 

Mr. PeRRING said it would be interesting if Dr. Maccoll could say what was 
the experimental evidence for the supposition that the boundary layer consisted 
of laminar and turbulent flow, after turbulent flow had been established. He was 
familiar with the work of Messrs. Stanton and Pannell on the flow in pipes and 
wondered if the German researches had led to a confirmation of these researches. 
With regard to the conclusion that the roughness had no effect on the type of 
flow set up, this statement could only be taken to apply in the case of a pipe; 
in the case of a body moving through a fluid, the roughness or otherwise of the 
surface determined whether or not the flow was turbulent. This had been estab- 
lished by Kempf, who had experimented on short surfaces, by towing them 
through water. Kempf found that smooth surfaces having pointed leading 
edges, resulted in drags agreeing with the laminar curve, but the drags obtained 
for the same surfaces, after the leading edges were roughened with fine sand, 
corresponded to the conditions of flow becoming turbulent. It was sometimes 
sufficient merely to round the leading edge of the towed surface to produce 
turbulence. There was an interesting empirical development of the skin friction 
law, based, he believed, on the work of Kozeny, who had suggested that skin 
friction should vary as the Reynolds number to the minus one-third. Analysing 
skin friction on this basis, an English worker*® had managed to harmonise the 
friction over flat plates, and that of fluids passing through pipes. The work of 
Stanton and Pannell on the flow in pipes was found to obey the law 

R/pAv? =0.0006 + 0.035 [v/ur|'/ 
where ris the radius of the pipe and v is the velocity of the central filament of 
the fluid in the pipe. Similarly, the experiments on smooth surfaces towed 
through water were analysed and resulted in the law 

R./pAv? =0.0006 + 0.17 [v/vl]!/ 
where v in this case is the forward velocity of the surface through the fluid and 
| is the length of the body measured along the direction of motion. The 
significance of the analysis was that both expressions had the same constant 
term, viz., 0.0006. 


* “Frictional Resistance and Ship Resistance Similarity.”’ KE. V. Telfer, D.Se., Ph.D., Trans. 
N.E. Coast Inst. Engrs. & Shipbuilders, XLY. 115 (1928-9). 
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Combining the results then 
/ =0.000b + 0.035 
and it was suggested by the author that this law may be applied to bodies formed 
of flat and cylindrical surfaces. 

Dr. replied to the discussion. Commenting upon Professor 
Bairstow’s remarks on the connection between the recent investigations and the 
equations of motion of a viscous fluid, he said he had tried to make it clear in 
the paper that the work done during the last few years on turbulence could not 
be regarded as being based on a pure mathematical theory. The equations of 
motion were used to calculate various quantities, ¢.yg., frictional stress and 
momentum interchange. Thus, the frictional stresses throughout the fluid were 
obtained by integration of the equations in a convenient form, when the observed 
values of the velocities and pressures were substituted therein. The work was 
therefore more an interpretation of what actually occurred rather than a theory. 
The Mischungsweg being analogous to the mean free path in the kinetic theory, 
it was thought that the Mischungsweg would give an indication of the way in 
which the particles were moving in the turbulent flow, and it was by studying 
these motions that Prandt] and Betz hoped to explain the different velocity 
distributions that were actually obtained. The theory of the Mischungsweg could 
only be considered as a first means to interpret the observed quantities and to 
get some idea of what was happening. With regard to the phenomenon of 
breakdown from laminar to turbulent conditions, he believed it was stated fairly 
clearly in the paper that Prandtl’s idea of the transition was that the laminar 
flow did not break down suddenly. The laminar flow started to oscillate first 
and the oscillations might grow or might be damped out. If they grew, then 
the motion became dynamically unstable, eddies were formed, and turbulence 
resulted. So that there was a great gap between mathematical and experi- 
mental investigations upon. stabilitv. Experimental results showed when the 
flow had broken down, whereas the mathematical results showed when the flow 
was tending to break down. The work that was being carried out by Dr. 
Tollmien should help to clear up the stage between these two. 

Dealing with the remarks of Mr. Wimperis, he said he had not been able 
to devote as much time as he would have liked to the work that had been done 
with regard to curved surfaces. There was still very much more research to 
be done before the motion around such surfaces became clear. When the surface 
was concave, then turbulence was greatly increased due to curvature, so that on 
the underside of the aerofoil one would expect to find much more turbulent con- 
ditions than on the upper surface. However, this effect was not verv evident in 
practice, due to the great influence of the variation of pressure along the surfaces. 
It was shown in the paper that the increase of turbulence on a concave surface 
due to curvature of flow resulted in an increase of the apparent viscosity, which 
he had called ¢, so that with the increase of turbulence the flow became auto- 
matically more viscous and breakaway was retarded, and it might happen that 
if the increase of apparent viscosity were great enough the breakaway would be 
retarded so long that it would not matter very much. As to the relative 
efficiencies of the sucking or the pushing of the air through slits in aerofoils, 
etc., he could not say very much at the moment, but he referred Mr. Wimperis 
to the papers by Ackert* and Schrenk.{| Both these papers, he added, were a 
year or two old, but they treated the problem of the sucking away and _ the 
drawing in of air in a semi-mathematical manner, and the authors had tried to 
evolve some idea as to what the efficiencies of these processes were. Some 


* J. Ackeret, Zeitschrift des Vereines deutscher Ingenieure, Vol. 70, p. 11538, 1926. 
tO. Schrenk, Die Naturwissenschaften, Vol. 17, p. 663, 1929 (a review containing numerous 
references). 
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recent results upon this problem might be expected to be given in the forth- 
coming fourth volume of the Géttingen Reports. 

Replying to Mr. Fage’s remark that there was not a complete theory for 
the spreading of the wakes behind bodies and the spreading of jets issuing 
through nozzles, he said the analytical work of Tollmien was only to be con- 
sidered as a first approximation. Most of the Gdéttingen work made the 
assumption that the Reynolds number was almost infinite, and there were further 
assumptions with regard to dy namical similarity in planes perpe ndicular to the 
main flow. By these assumptions one could simplify the equations so much that 
they could be solved. In this way the theory of the spreading of jets could be 
considered as giving the flow for the limiting case when Reynolds number was 
very great. 

He agreed with Major Low that most of the work so far was more of an 
empirical than a theoretical nature, but it followed that if one pursued empiric al 
methods far enough, and sufficiently industriously, then after a certain time the 
ultimate results should be fairly near what one could expect to obtain from a 
complete mathematical theory. Before formulating a comprehensive theory it 
was desirable to know something of the physical facts; empirical relationships 
represented observational data in a reasonably simple form. 

Whilst thanking Dr. Thurston for his statement with regard to Lanchester’s 
work, he was afraid the reference in Lanchester’s book could not have applied 
really to a turbulent boundary layer. Turbulence had been studied even before 
Reynolds’s time. Work very similar to some of that of Reynolds had been done 
in Germany about 1854. and since then the idea of turbulent flow had been quite 
common in theoretical and practical hydrodynamics, but he did not think the idea 
of the turbulent flow in the boundary layer could’ have been referred to in 
Lanchester’s work. In the development of the boundary layer theory about 26 
years ago, Prandtl had worked on the assumption that the flow was laminar. 
It was found later, however, from experimental observation, that those !aws 
founded on the laminar theory did not hold over the range of Reynolds numbers 
that might have been initially expected. The initial indication of the methods of 
considering turbulence in the boundary layer, was due to Prandtl, who suggested 
that the turbulent flow in the layer might be linked up with the turbulent flow 
in pipes, as the flow in pipes had been studied more than any other example of 
fluid motion prior to this, 

Dr. THurston said that he had found Lanchester’s theory sufficient to con- 
firm his work on alula control and the use of a rider plane on the nose of the 
main plane. He would be glad to show Dr, Maccoll the diagrams. 

Dr. Maccoit, replying to Dr, Lachmann, said that in his own paper he had 
made some reference to Prandtl’s Tokyo paper, especially the part of it dealing 
with the flow in pipes and channels. This paper of Prandtl was written in 
English and woald prove of interest as it indicated clearly and fully certain lines 
along which the problem of turbulence was being attacked in Germany. 

Commenting on the remarks of Dr, Richardson as to the neglect of the 
use of the hot wire in Germany, he said it seemed rather remarkable that the 
Chattock gauge had been introduced into the Institute at Géttingen only within 
the last year or eighteen months. Perhaps the reason for that was that the 
Germans had been concerned mainly with the flow at very great Reynolds 
numbers; their theoretical work had been concerned with flow at great speeds 
and the Chattock gauge was too refined for use in that work, and more rough 
methods could be used. The Prandtl manometer was used to a great extent in 
Géttingen and also in Aachen. The Chattock gauge had been introduced into 
Gottingen in order to study turbulence in the flow between two plates at different 
temperatures. This problem was of meteorological interest, and it was necessary 
for the flow to be very slow; the velocity must be less than five metres per 
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second, he believed ; so that this speed was of the same order as that of some of 
our smaller wind tunnels. 

Major Low: What is the depth between the plates ? 

Dr. Macco uu said that the tunnel was about a metre broad and about fifteen 
centimetres deep; the length of the tunnel was about six metres. Dr. Reichardt 
was working on the problem while Professor Prandtl was in America, and he 
supposed that the results of the work would be published before very long. 
The use of hot wires was being studied in Aachen and the experiments that 
were being carried out there he regarded as very important. Professor von 
Karman was investigating the assumption, made in the theory of the Mischungs- 
weg, that the vibrations »! were proportional to the vibrations u/. In the flow 
between two walls one might expect the transverse vibrations v! to decrease 
more rapidly as one approached the wall than would the longitudinal vibrations w’, 
so that the correlation between 7! and u! could not be considered constant over 
the whole section. Professor von Karman had put one of his assistants on to the 
investigation of these oscillations and experiments were being carried out by 
means of a three-wire oscillograph. It seemed to him that the interpretation of 
the oscillations would give a more clear idea of what happened in turbulent flow 
than perhaps anything else. If one knew the magnitude of the oscillations one 
could attack the problem in a more fundamental manner. Past investigations 
had dealt mainly with the character of the main flow, but research appeared 
now to be entering upon a new stage in which the oscillatory motions were 
to receive attention. One hoped to evolve methods by which different degrees 
of turbulence could be measured, and by these means he believed it would be 
possible in the future to explain all these discordant results which had been 
obtained in wind channels, where the degree of turbulence was important. The 
degree of turbulence in the main flow determined in some way the transition 
curve for the frictional resistance of a model from the laminar to the turbulent law, 
and one must be able to get qualitative results about these oscillations before 
one could get some law as to how these transition curves were placed. 

With regard to Dr. Richardson’s suggestion that the change in the power 
law was perhaps due to a change of the kinematic coefficient of viscosity v, Dr. 
Maccoll said it had to be realised in all this work that in turbulent flow the 
kinematic coefficient of the viscosity v was practically negligible. It was not v 
which dominated ; it was the coefficient of viscosity « which was a measure of the 
interchange of momentum between the layers, due to turbulence. In the prac- 
tical application of the theory of the Mischungsweg, v was neglected altogether 
instead of adding v to e. Therefore, he did not see that the changing of v 
would be of great influence, especially at the high Revnolds numbers. 

Remarking further upon the observations of Dr. Richardson concerning the 
power law, he said that Professor von Karman was working on the theory that 
the change in index was due to a variation in the thickness of the laminar laver 
existing near the wall; the layer became thinner with increasing Reynolds 
number and there was a change in velocity distribution which corresponded to 
the observed change of index. It had been known for a long time that if an 
error was made in measuring the distance from the wall, even to the extent of 
one-tenth of a millimetre, it was quite sufficient to change the index from some- 
thing like a seventh to an eighth. The distance must be known very accurately, 
otherwise one could not assign an accurate index. Professor von Karman 
thought that in turbulent flow the observed change in index might really be 
attributed to a change in thickness of the thin laminar laver near the wall, which 
produced an apparent change in distance from the wall, so that he had suggested 
measuring distances from the centre of the tube. At least, in his theory, which 
was referred to in Section 2 of Part IIIT of the paper, he developed an equation 
for the velocity distribution in the centre of the tube and arrived at the form 
which it would take when near the wall. Then he assumed the laminar’ flow near 
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the wall to be in existence, and obtained the variation in velocity in the thickness 
of the laminar layer. An expression involving the frictional loss in the pipe was 
then obtained from the equation for the maximum speed of flow. By these 
means he had developed an expression which might be regarded as holding from 
the moderately low Reynolds numbers to the very high Reynolds numbers used 
by Nikuradse in his last experiments. He (Dr. Maccoll) believed that Sir Thomas 
Stanton, at Teddington, had been the first to establish the existence of the 
laminar layer near the wall by the use of very fine pitot tubes. This second 
laminar layer seemed to be a very important factor in turbulent flow, and in 
order to know what was happening one must study it in detail. 

Referring to Mr. Perring’s remarks, Dr. Maccoll said that the thinness of 
the laminar layer had prevented detailed investigations being carried out. As to 
pipe resistance experiments, the investigations of Jacob and Erk were found to 
agree remarkably well with those of Stanton and Pannell. Regarding Telfer’s 
interesting formula, Dr. Maccoll considered that this expression should be 
regarded only as an interpolation formula and not as a natural law. In a con- 
tribution to the discussion on Telfer’s paper, Prandtl had pointed out that Telfer’s 
expression did not approximate to the form (log R*+c)-* at very great Reynolds 
numbers, 

In conclusion, he said that, judging by what had been said generally, he 
believed all would benefit by studying the paper a little further and also by 
studying some of the older researches carried out by Prandtl and his students 
from 1904 to 1913. Some of the results obtained in these early investigations 
were remarkable, but he was afraid that they had been neglected to a certain 
extent. The work of Blasius, on the laminar flow around curved bodies and on 
the break-away, was very important and he believed that a study of it wouid 
give one a clearer conception of what was happening under laminar conditions. 
A study of the later work on turbulence would certainly lead to a clearer concep- 
tion of the physical nature of the problem of turbulent flow. 

Finally Dr. Maccoll thanked the Society for having given him the oppor- 
tunity of delivering the lecture. He recorded his thanks to those who had taken 
part in the discussion. 


The PRESIDENT, calling for a hearty vote of thanks to Dr. Maccoll, con- 
gratulated him on his valuable work, and the vote of thanks was _ passed 
unanimously. 
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THE CROSS-SECTION OF THE SEMI-RIGID AIRSHIP 


BY 


F. G. EVANS, B.Sc.(ENc.) 
(Awarded the Usborne Memorial Prize of the Society for 1929.) 


INTRODUCTION 


Scope and Object of Paper 


The scope of the paper is not so wide as the title may suggest. The primary 
object is to put forward a graphical method of determining the shape of the cross- 
section of the airship, and the loads in the envelope and rigging wires, in the 
plane of the cross-section, for different loading conditions. 

Various secondary matters, such as a brief review of other methods of 
dealing with the subject, and the effect of different schemes of rigging on 
‘** breathing,’’* are included in the paper as points of interest. 

In the course of his work, the author required a method of dealing with 
the cross-section of a semi-rigid airship, but at that time he was not aware of 
any existing method. He devised the method described in Part I of this paper, 
and since it differs from such other methods as he has subsequently traced, he 
thought that a paper on the subject might be of use. 


Arrangement of Paper 

The paper is divided into three parts and an appendix. In Part I the 
principle of the method is explained, and its application to a number of different 
cases is demonstrated. The necessary assumptions are stated in the course of 
this part as they are required, but their discussion is deferred to Part II. Part 
I ends with a brief summary of the cases treated. 

As suggested above, Part II consists of a discussion of the assumptions 
involved in the method. 

Part III is a brief review of other existing methods of dealing with the 
preblems under consideration, together with a comparison of the methods. 

The appendix contains the figures involved in the actual working of the 
examples, 


Part I.—A GraPHICAL SOLUTION OF THE PROBLEM 
Principle of the Method 
Consider a cylindrical portion of the envelope.'| The fabric itself may be 
considered perfectly flexible, so in the cross-sectional view the fabric and rigging 
wires will adjust their configuration for any loading conditions so that the 


* “Breathing’’—change of shape due to change of loading. 


1 These reference figures, 1, 2, 8, etc., correspond to the numbering of the assumptions discussed 
in Part IT, 
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‘internal loads ’’t are pure tensions. This configuration can therefore be deter- 
mined by the suitable application of the well-known ‘‘ funicular polygon ”’ 
construction. 

Since the ioading will change as the shape adjusts itself to take the load, 
the problem must be solved by successive approximation. [first, an initial shape 
will be assumed and the corresponding loading determined. The resulting shape 
will then be found, assuming this loading to remain unchanged. This shape, 
and the corresponding internal loads, will be a first approximation to the 
required result. Next, the loading corresponding to this first approximation 
to the shape will be determined and, as in the first case, will be considered not 
to alter with further change of shape; again, the resulting shape will be 
determined. 

This process will be repeated as often as required, each succeeding shape 
obtained approximating more nearly to the correct result. Fortunately, in 
practice it will be found that the second approximation departs but slightly from 
the first, even in the worst cases (viz., those in which the largest changes of 
shape occur, such as for zero or small super-pressures*) and that a third approxi- 
mation is usually indistinguishable from the second. With moderate super- 
pressures, the difference between the first and second approximations is usually 
negligible as regards the shape, and quite small as regards the internal loads. 

The determination of the correct poles for the *‘ funicular polygons *? of each 
approximation involves trial and error, but this process is simplified and 
shortened by constructions which will be described in the course of the examples 
which follow. 

It is thought that the best way to make clear the application of the method 
is to work through a number of different cases. A general description of the 
construction is given here, the actual dimensions, scales, and other figures 
involved being given at the end of the paper in an appendix. 


CasE I.—ENVELOPE ATTACHED TO KEEL ONLY; No RIGGING 
(SUSPENSION) WIRES 


This case is treated as a preliminary one. The scales and dimensions have 
been selected arbitrarily, with a view to showing the construction as clearly as 
possible. 

Consider a portion of the airship of unit length? (measured parallel to the 
ship’s longitudinal axis). This section is assumed to act independently of its 
neighbours, i.¢e., as if it were part of a evlindrical ship.’ The dead load, there- 
fore, equals the lift of the section. 

An initial cross-sectional shape is required for the given fabric length. This 
is most conveniently circular.* Since the cross-section is symmetrical about a 
vertical axis, only one half need be considered. 


(a) Zero Super-pressure 


Fig. 1A shows the semi-circle representing the initial half cross-section. 
The fabric is attached to the keel at A, and above this point it is free to deform 
according to the loading. AA’ represents the half keel width, and is assumed 


{ ‘Internal loads”’ refers to the tensions in fabric and rigging, and not to the internal pressure, 
which is regarded as an ‘‘applied load.”’ 

* **Super-pressure’’ is the internal pressure extra to that arising from the ‘lift’? of the gas. 
It is usually obtained by inflating ballonets within the envelope with air from a blower or 
scoop. Its objects are:—To maintain the shape; render the cross-section more nearly 
circular, thus making the hull a better streamline shape; and to make the envelope, as a 
whole, a stronger structure. 

2 See reference 1. 1 See reference 1. 3 See reference 1. 
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rigid; the keel structure is assumed wholly below the circle and thus does not 
encroach on the gas space in this instance.‘ 


First Approximation 


Pressure Diagram 

The triangle A” BL represents the vertical distribution of pressure. In this 
case the pressure is due to the lift of the gas only, i.e., due to the difference in 
density of air and the gas. The pressure is, of course, proportional to the 
height, and is assumed to be zero at the lowest point, A”, of the circle. 


Division of Arc into Elements 

The fabric are is now divided into a number of short lengths, or elements, 
which are conveniently all made equal to some whole number of units of length. 
At each division point a concentrated load, equal to the pressure at that point 
multiplied by the element length, is assumed to act. The pressure on each 
element is assumed constant over that element, and is represented to some scale 
by the horizontal ordinate of the pressure diagram at the same level as the 
element point, but, of course, it acts normally to the element. If the elements 
are of unit length, the ordinate represents the load on the element to the same 
(numerical) scale as it represents the pressure; and similarly, if the elements 
are » units in length, the numerical value of the scale must be multiplied by n 
to convert it from pressures to loads. (Note that the concentrated load acting 
at the division point between two elements replaces the distributed load on the 
two adjacent half elements. Thus at the top of the arc the first load point 
must either be placed at a half element’s length from the centre line of the 
cross-section, and zero load assumed at the centre line, or if it is placed 
at a full element’s length, a half load must be assumed to act at the centre line. 
Similarly, if an odd fraction of an element is required to complete an arc, the 
load ordinate must be factored accordingly.) 


Construction of Load Diagram 

Radial lines are now drawn through the division points, representing the 
lines of action of the loads, and horizontal lines are drawn through the points 
and the pressure diagram so that the corresponding loads can be scaled off con- 
veniently by means of dividers. For the first approximation, the magnitudes 
and lines of action of these elemental loads are assumed not to alter when the 
shape alters. 

The load (or polar) diagram, Fig. 18, is now constructed. Are ba is the 
** line of loads,’’ consisting of lines representing to scale the loads on the 
elements from B to A, drawn end to end in consecutive order. Each element 
of this load line is drawn parallel to the corresponding line of action in Fig. 1A, 
and marked off to the iength of the corresponding ordinate of A’/BL. The chord 
line ba represents the resultant load on the half cross-section, and its vertical. 
and horizontal components, ca and bc, represent the lift and the total lateral 
load on the hali-section respectively (for unit length of ship). These components 
can easily be checked, as the lift of the half-section can be found from the area 
of the semi-circle, and total lateral load is given by the mean pressure (i.e., the 
pressure at half the height of the envelope) multiplied by the maximum height 
(i.c., the diameter of the circle in this case). If the line of loads had been com- 
pleted for the other half-section it would have formed the image of arc ba on 
the other side of be. The closing line would be twice ca, representing the lift of 
the complete section. 


4 See reference 1, 
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Fixing of Pole Position 

Since the lines of action of all the loads pass through the centre, H, of the 
circle, the resultant must also act through the same point. Line HX, drawn 
parallel to chord line ba, is therefore the line of action of the resultant. One of 
the advantages of using a circular are as the initial shape is that the position of 
the resultant is thus known. 

While it is not essential to know the line of action of the resultant, yet the 
process of trial and error which is to be described is greatly simplified if it is 
known. A method of finding its position for non-circular arcs will be described 
later. 

Now, since the resultant is to be balanced by the tensions at the two ends 
of the fabric arc, the tangents to the arc at the two end points, A and B’ (the 
new position of 2), must intersect on the line of action of the resultant. 

In this case the position of B!’ on the centre line is unknown, but from 
symmetry the tangent at B’ must be horizontal; for any given position of B’ the 
tangent at A is fixed, as it must intersect the resultant at the point where the 
horizontal through }/ cuts it. The position of the pole, O', in Fig. 1B, corre- 
sponding to any given position of B’, can therefore be fixed by drawing bO/ 
and a0’, intersecting at 0’, parallel to the tangents at B/ and A respectively. 

Different positions of B’ on the centre line, with the respective positions of 
0’, correspond to different but definite tengths of fabric are. The required posi- 
tions of B’ and O' are therefore such as to give an arc of the initial fabric are 
length (neglecting stretch in this case). This is done by trial as follows :— 


First Trial 


The position of B’ is assumed as drawn, and O! fixed to agree. Fig. 1A 
is the position diagram and Fig. 1B the polar diagram of the ordinary funicular 
polygon. Although the latter is most often applied to parallel loads, the con- 
struction applies without any essential difference to non-parallel loads, except 
that the line of loads is no longer a straight line. 

Starting at A or B’, the funicular polygon is constructed and will meet at 
B' or A, as the case may be, if drawn accurately. With reasonable care any 
error is barely distinguishable. With reasonably small elements the polygon 
approaches to a smooth curve. The length of this curve is measured and _ will 
generally be found to differ from the initial arc length. 


Second Trial 


In this 


no rigging ’’ case it is clear that the required first approximation 

are is practically geometrically similar to that obtained by the first trial. Hence, 

the required height of B’ above A’ (=B"A', say) can be found by proportion :— 
B" A'=(required length of arc/actual length of first trial) x B’A’. 


The corresponding pole, O”, is fixed to agree with B"” as before. The new 
funicular polygon is drawn and measured as a check. 

Since the geometrical similarity is not strict, a third trial may be required 
in cases where the first trial was rather wide of the mark. This will be based 
on the result of the second trial just as the latter was based on the first. 

The final funicular polygon thus obtained is the first approximation to the 
required shape, and the mean ray length of the polar diagram represents a first 
approximation to the fabric tension. 


Second Approximation 


The second approximation could be worked on the same diagram, but for 
the sake of clarity it is better to reproduce the first approximation shape else- 
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where and start a fresh diagram, Fig. 1c. It can be reproduced as a smooth 
curve of the correct length, drawn through the series of short straight lines of 
the funicular polygon. 

As previously explained, the new loading for this shape is now found, and 
assumed constant while the shape is altered to agree. 

The pressure curve A”L must be extended to L’/, on the level of the new 
position of the top point of the arc, and the arc itself is divided into elements as 
before. In order to fix the directions of the elemental loads, a line of centres 
may be drawn for the shape. This may be done by dividing it into lengths of arc 
which are sensibly circular, and marking the centre for each part. The radial 
lines of action of the elemental loads are then readily drawn. In most of the 
diagrams, however, it will be noticed that no line of centres was constructed, 
as it was found that adequate accuracy could be obtained by setting a clinograph 
or adjustable set-square tangentially to the arc at the required point and turning 
it through 90°. The radiai line of action in the position diagram and the corre- 
sponding load vector in the polar diagram may then be drawn with the one 
setting. 

The new line of loads, Fig. 1p, is constructed by the same method as before. 
The lift of the new half-section can be read off this diagram with sufficient 
accuracy for all ordinary purposes. If a check is desired, it is necessary to 
measure the area of the half shape. The total lateral force on the half-section 
can be checked as before. Owing to the increased height of the section, this will 
be greater than before. The lift will be less as the shape has departed from 
the circular, thus reducing the area for the same perimeter, stretch having been 
ignored in this case. The upward slope of the resultant is consequently less than 
before. This results in the second approximation to the shape tending to fall 
below the first. 


First Trial 

Now Fig. 1p gives the direction of the resultant, but its position in Fig. 1¢ 
is not known, but since all the loads applied to the fabric arc under the present 
assumptions act normally, no tangential loads are applied, so the fabric tension 
will be constant along the arc when the position of equilibrium is reached. The 
rays of the polar diagram will then be equal, and the line of loads will be a 
circular are. It is found that the second approximation line of loads (i.e., Fig. 
1D in this case) always approaches quite closely to a circular arc. Now since 
the top of the fabric are must still be horizontal, the required pole must lie on 
the horizontal line, b,O0,, through b,. Its position on this line can be fixed for 
a first trial by putting it at the approximate centre of the almost circular line 
of loads. The corresponding funicular polygon, A,B’,, can now be drawn, 
starting from A,, and measured. Although it will generally not be exactly the 
right length, it serves to fix a point B’,, from which the position of the resultant 
in Fig. 1¢ can be fixed by drawing B’,X’, horizontally to intersect the line 
through A, parallel to O,a, at X’,.. For equilibrium, this point must lie in the 
line of action of the resultant, which can now be drawn (parallel to b,a,). 


Second Trial 


From a similar argument as to similar figures (see first approximation) the 
required height of the top of the arc can be fixed by proportionality from the 
first trial arc, A,B’,. As the position of the resultant is now known, the 
required pole ‘position can be fixe? as before. 

Hence the second approxima! 4n to the shape and loads is determined. 

It will be found that although the line of loads for the second approximation 
differs considerably from that for the first approximation, yet the resulting 
vhange of shape is comparatively small. Hence a third approximation to the 
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line of loads would differ but slightly from the second, and give a very small 
further change of shape. (This may also be seen from the fact that the second 
approximation line of loads is almost truly circular.) A trial third approximation 
confirmed that no appreciable modification occurs to the second approximation. 


(b) With Super-pressure (See Fig. 2) 

The pressure diagram is modified as shown. A"M represents the super- 
pressure, and BL represents the gas lift pressure at the top, as before, plus the 
super-pressure, of course. As the pressures are larger than in Case la the 
pressure scale has been reduced in order to make the polar diagram of a con- 
venient size. 

It is usually most convenient to start from the top end of the fabric are, 
where the loads are biggest, when constructing the line of loads, and as it is 
natural to draw an upward line for these upward pressures, the line of loads 
was drawn as shown in Fig. 18 in Case la. This is clearly not essential, so in 
Fig. 28 the polar diagram has been rotated through 180° as compared with 
Fig. 18. This has the advantage that it tends to bring the vectors applying to 
the upper and lower parts of the fabric arc on about the same level as those parts 
of the arc, and hence if a T-square and clinograph are being used for drawing 
the parallel lines the necessity to move the T-square for each line is reduced or 
eliminated. This saves time and increases accuracy. 

Note that in order to get the correct value for the lift from the line of loads, 
this latter must include the downward pressure on the half keel width, but as 
regards the fabric arc itself, only the loads on this latter and their resultant need 
be considered. With zero super-pressure the pressure load on the keel was 
negligible. 

The method of determining the first and second approximations is the same 
as for the zero super-pressure case. 

In the case of the second approximation it will be noticed that the first trial 
(with the pole at the mean centre of the almost circular load line) gave the 
correct length of arc directly. The second approximation does not depart by 
any appreciable amount from the first as regards the shape, though a more 
definite value for the fabric tension is obtained from Fig. 2p than from Fig. 2p. 
This small change holds generally when at least a moderate super-pressure is 
employed. In the case of large ships, where the ratio of maximum gas pressure 
to super-pressure increases for any given value of super-pressure, this would 
tend to become less true if no rigging were employed, but it is customary to 
introduce rigging in these cases from practical considerations. The reason for 
this small change in shape between the first and second approximations in these 
cases is that increase of super-pressure or number of rigging attachments 
reduces the departure of the shape from the circular. Hence the change 
in the loading assumed for the first and second approximations is correspondingly 
reduced. 


I].—SINGLE CENTRAL RIGGING 


The description of Case I covers the general procedure. In the remaining 
cases that have been chosen the description will be confined to those points 
which differ from, or did not arise in the above. These remaining cases have 
been worked to definite scales. (See Appendix.) 


(a) Zero Super-pressure (See Fig. 3) 


It was assumed that the fabric was weightless* and the stretch of the 
rigging wire negligible,®> but allowance has been made for fabric stretch.° 


* See Case V. > See reference 1. 6 See reference 1. 
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The only point of importance in which the construction for this case departs 
from Case I is due to the fact that point B is fixed in position by the rigging 
(vertically) and from considerations of symmetry (horizontally), but the direction 
of the tangent at B is unknown. In Case I the height of b was unknown, but 
the direction of the tangent at that point was known. 


First Approximation 


As before, the tangents to the arc at the top and bottom points must intersect 
on the resultant line. For any given point of intersection the corresponding 
pole is found by drawing lines from the ends of the line of loads parallel to the 
corresponding tangents. If this is done for a number of points of intersection 
on the resultant line, a curve can be drawn through the series of pole positions 
obtained. The required pole must lie on this curve, and its exact position must 
be found by trial and error so that the resuiting arc is of the required length. 

It is not essential to plot the *‘ line of poles ’’ first, as just described. Any 
selected point of intersection with its corresponding pole may be used for the 
first trial. Unless this happens to give the desired are length, another point of 
intersection may be chosen for the second trial, and similarly for the third if 
required. 

When three poles have thus been fixed separately, and if the required arc 
has not yet been obtained, the ‘* line of poles ’? may be drawn in (as described 
in the first place) through the poles that have thus been used for the trials. 

Whether this line of poles has been plotted before or after the trials, if three 
unsuccessful attempts have been made to get the correct arc length, the success 
of the fourth trial can be ensured by plotting the movement of the pole along the 
line of poles, against the lengths of the resulting fabric arcs. The correct posi- 
tion of the pole on the line of poles, to give the required arc length, can be found 
from this curve. 

(This procedure replaces the assumption of geometric similarity between 
the trial arcs in Case I, and is necessary because the chord of the fabric arc 
remains constant while the arc varies in length in this case, so that the resulting 
shapes are not similar. A very approximate proportionality exists between the 
are length and the maximum height of the are perpendicular to its chord, for 
small changes of length, which may be used as a rough guide for the trial arcs.) 


Allowance for Fabric Stretch 
The approximate fabric tension is represented to scale by the mean ray 

length of the polar diagram. This may be estimated with sufficient accuracy by 
centreing a pair of compasses or dividers at the pole, and adjusting the radius 
to what is judged to be the mean length, not forgetting that the rays are more 
closely spaced towards end a of the load line. 

The total stretch of the fabric arc is determined (see Part II)* and the 
required arc iength,’’ referred to above for the first approximation, is the 
stretched length of the are thus estimated. 


ae 


Second Approximation 
The pressure diagram must of course be extended to the level of the highest 
point of the first approximation to the shape. 


First Trial 


As in Case I, the position of the resultant is not yet known, and a trial arc 
is constructed with the pole at the mean centre of the load arc. Whether this 


6 See reference 1. 


696 


we 


OF THE SEMI-RIGID AIRSHIP 697 


THE CROSS-SECTION 


trial fabric arc meets at A (if started from B) or not, the position of the resultant 
can now be fixed by finding the point of intersection of the tangents at the ends 
of the are. 

This done, the procedure is the same as for the first approximation. 

A more exact value for the tension (and hence for the stretch) can be 
obtained from the new polar diagram in the course of the trials, and the ‘ re- 
quired arc length ’’ modified accordingly if necessary. 

Note that the effect of stretch is to increase the lift, thus tending to counter- 
act the effect of the departure of the shape from the circular. The latter effect 
generally predominates in low super-pressure cases, and the former when the 
super-pressure rises to a moderate amount, but this depends on the characteristics 
of the fabric used, as well as upon the actual super-pressure. 


(b) With Super-pressure (See Fig. 4) 

This is a repetition of Case Ila with super-pressure added. 

In this case the point of intersection of the tangents failed to come on the 
drawing paper, owing to ithe small angle between them. A simple construction 
which was used to overcome this difficulty is described after the last case in this 
part of the paper. 

It will be noted that the second approximation coincides with the first, as in 


the previous super-pressure case. 


Case II].—Four RapiaL RicciInc Wires (Fic. 5) 

The fabric is attached to the keel at A, as before, and rigging wires are 
attached to the fabric (by means of longitudinal curtains in practice) at B and 
C. The wires run to the centre, , of the initial circle, and B and C lie on the 
circumference of the circle in this case. D is the top point, on the centre line of 
the section, 


(a) Zero Super-pressure 


First Approximation 


curve ’’ directly from the funicular polygon, 
Also, since 


In order to get a smoother 
smaller elements have been used for ares BC and CD than for AB. 
there is no super-pressure, the loads (and consequently the curvature) at the lower 
end of AB tend to be very small, so larger elements have been used there, thus 
saving work, while retaining sufficient accuracy. 

The pressure diagram has been modified to agree with the element lengths 
so as to maintain the load scale constant, thus permitting the line of loads to be 
drawn as before, without any further alterations in scale. 

In Fig. 58, ab,, b.c, and c,d represent the resultant loads on ares AB, BC 
and CD respectively. Loads b,b, and c,c, are applied directly to the rigging 
wires EB and EC respectiveiv, since an elemental load happened to act at each 
rigging point with the spacing of the elements as drawn. These two loads are 
automatically included in the rigging loads in this diagram, and do not have 
to be added afterwards. 

Where a change in element length occurs, it has still been assumed that the 
elemental load consists of the load on the two adjacent haif elements. 

It is clear that the three arcs AB, BC and CD cannot actually act indepen- 
dently of one another. Small movements of points 2 and C might appreciably 
affect ares BC and CD, but fortunately are AB is large compared with any 
movement of point B, owing to practical considerations’ ; consequently point B 


7 See reference 1. 
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may be considered fixed as a first approximation. On this assumption, the new 
shape of arc AB, and the corresponding pole 0,, may be found (allowing for 
stretch as in the previous case). 

Pole O,, corresponding to arc BC, is fixed by drawing O,0, parallel to 
rigging wire EB, cutting the ‘‘ line of poles ’’ for load are b,c, at O,. (The 
jine of poles ’’ is constructed as described in Case II.) 

With pole O, the new shape of are BC is drawn, C being assumed fixed, 
and no attention being paid to the length of arc BC at present. 

Similarly 0,0, is drawn parallel to rigging EC, cutting the line of poles 
for c,d at O,. In this case it is known that the tangent at D must be horizontal, 
from symmetry, and hence the horizontal through d must be the required line of 
poles. The shape of are CD for pole O, is constructed as before. 

The new ares BC and CD! are now measured and their correct stretched 
lengths calculated. In general these will differ slightly. From D! measure off 
the required length D/C’ along are D/C (extended if necessary). Point C can 
only move along the circumference of the initial circle in this instance. Keeping 
the are parallel to its position D/C’, slide D! down or up the vertical centre line 
until C’ lies on the initial circle. Call this position of the are D'C", 

No appreciable distortion of D/C is involved, especially as these arcs near 
the top of the envelope are almost circular; hence D’C"” and EC" are first 
approximations to the required positions of DC and EC. 

Similarly, modify Cb, preferably making half the length-correction at each 
enc of the arc, and having moved the arc up or down its resultant as required, 
slide it round the circumference until its upper end coincides with C”. This 
fixes the new position of B marked B". 

Finally, arc 4B must be modified to join up at B”. If the movement of B 
{to B") is large, it may be desirable to re-construct arc AB in its new position 
by shifting pole O, as required. The effect of any movement of poles O, and O, 
due to moving QO, and aitering the directions of the rigging would be negligible for 
the first approximation. However, the movement of B is generally small, and since 
the rigging wires are usually so placed as to minimise ‘* breathing,’’ this is only 
to be expected. In the cases met with up to the present, the movement of B 
has certainly been small, and it has been sufhcient to fit the shape found for AB 
into points A and B". ‘This can conveniently be done in transferring the first 
aporoximation shape elsewhere for the second approximation, care being taken 
that the iength is as required. There is little or no advantage to be gained from 
any attempts at excessive accuracy of shape for this first approximation, pro- 
vided the length is correct. Any small errors in shape are eliminated in the 
second approximation. 


ae 


Second Approximation (Figs. 5c and 5d) 
No new points arise here. 
Any further movement of the rigging points is determined as above, but is 
generally found to be absolutely negligible. 


CasE I1V.—Two Non-RapiaL RicciInc Wires (Fic. 6) 


(b) With Super-pressure 


The rigging wire in each half-section runs from a point B on the envelope, 
down to point 4 on the keel, where the envelope also is attached. 

The only point of difference in the construction from that for Case III is in 
the path of movement of point B, which obviously is a circular arc with centre 
A and radius AB (neglecting rigging stretch,® as before). 


5 See reference 1. 
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Effect of Other Quantities 


Other forms of loading, such as weight of fabric and aerodynamic loading, 
can be included in addition to gas and super-pressure loading. By wavy of 
example, fabric weight is included in the following case. 


Cas—E V.—INCLUSION OF WEIGHT OF Fasric (Fic. 7) 


{a) Zero Super-pressure 

This is a repetition of Case Ila with the addition of fabric weight. 

For a given weight of fabric per unit area, the weight per element is known, 
and can be included with the pressure load for each element in the line of loads. 
This is probably best done by constructing the line of loads for pressure only, as 
before, and drawing vertical lines through the end of each elemental pressure 
load line. Starting from one end of the load line, mark off the weight of one 
element from the end of the first elemental pressure load line, on the vertical 
line. At the end of the second element, mark off the weight of two elements 
vertically, and so on, thus avoiding the accumulation of an error; the corrected 
line of loads is obtained by joining the points thus found. ‘The correct vertical 
direction is that which reduces the height of the line of loads. Whether this is 
up or down depends upon which end of the load line is used as the starting point, 
as well as upon the orieniation of the polar diagram. 


First Approximation 


The position of the line of action of the resultant can be fixed by the first 
trial as for the above second approximations, but this is not necessary in this 
case, as the position of the C.G. of the initial fabric are can easily be calculated, 
thus fixing the line of action of the weight. The resultant of the pressure loads 
alone acts through the centre of the initial circle as before, and intersects the 
line of action of the weight. The new resultant passes through this point of 
intersection in a direction fixed hy the corrected line of loads. 


Second Approximation 


Again draw the load line for zero weight, and add the weight afterwards. 
Note that the total weight of the arc is the same as before, but that the length 
has been increased by, stretch, so that the weight loading must be reduced 
accordingly. 

It will be noticed that the directions of the lines of action of the elemental 
loads were assumed unaltered by the weight in the position diagrams in this 
instance. Strictly, they should have been parallel to the directions of the corre- 
sponding resultant elemental loads in the polar diagrams. 

This approximation was justifiable in the first approximation diagrams since 
the change of direction involved was small, so that the effect on the arc would 
not be large. Moreover, this arc is only an approximation in any case, so that 
small additional departures from the correct shape are of no consequence. 

In the second approximation the change of direction is again small, and since 
the change in shape which actually occurs between the two approximations is 
very slight, the influence of the small change of direction is negligible. 

The simplification was therefore perfectly justifiable, though it is clear that 
had it been necessary (i.e., if large changes of direction had been involved) the 
construction could have been carried out strictly. 
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Construction for Fixing Position of Resultant when the Point of Intersection 
of the Tangents to the Ends of the Fabric Arc lies off the Drawing 
Paper used (as in Case IIb) (see Fig. 8) 


In Fig. 8a, A and B represent the end points of the arc, AX and BX the 
tangents intersecting at X, and XY the resultant. Suppose PQ is the edge of 
the paper, so that X cannot be fixed directly. Draw CD near PQ parallel to AB ; 
and CC’ and Di)’ parallel to the required resultant line XY (the direction of which 
is known, though not the position). 

Then draw C’X! and D'X’ parallel to AC and BD respectively. C’X! and 
D’X’ intersect at X’.. Then the line through X’ parallel to the known direction 
of the resultant is the required line of action of the resultant. This can easily 
be seen, since the construction is equivalent to sliding the triangle DCX along 
XY, without allowing it to rotate, into the position D/C’X’. 

Fig. 88 shows a case where X’ still lies off the paper. The construction is 
merely repeated as many times as is required to bring the intersection point on 
to the drawing. 

Notice that AC’=C'C" =C"C"", etc., and BD'=D'D"', etc., so that it 1s 
only necessary to draw CC’ and DD’, and then mark off as many intervals equal 
to AC’ and BD’ along AY and BY, respectively, as may be required. Then fix 
as before. 

Fig. 8c illustrates the converse (i.e., fixing the slopes of the tangents to 
meet on the resultant line, at a given point, X, off the paper). In this case 
the positions of A, B, Y and X’ are known. The dimensions a, b, ¢ and d are 
as shown, and n is the number of repetitions of b and d. From similar triangles 
a/(a+nb)=c/(c+nd) in which c, d, n and (a+nb), which equals AY, are known. 
Hence a and then b can be calculated, and AC and BD can be drawn. 


Summary of Results 


This part of the paper will be concluded by summarising the results of the 
examples. This is regarded as secondary to the main object of this part of the 
paper, which, as mentioned before, was to describe the method and illustrate 
its application. Differing cases were chosen, on the whole, in order to illus- 
trate the application of the method more widely, and in consequence the results 
do not form a very complete series showing the effect of gradual change in any 
of the variables, such as super-pressure, number of rigging wires, or position 
of a given number of wires. Such series would be very desirable as guides in 
the design of any semi-rigid airship, and could readily be constructed, of course. 
However, the results permit of some comparison, so the summary is included 
as being of interest as far as it goes. : 

It consists merely of the super-position of the shapes in separate groups, 
showing the effect of :— 

(1) Super-pressure.—The results of Figs. 1 and 2 (Case I) and 3 and 4 
(Case II) are superposed separately in Figs 9 and gp respectively. 

(II) Fabric Weight.—The result of Fig. 7 (Case V) is superposed upon the 
corresponding shape without weight allowance, Fig. 3 (Case Ila) in Fig. 9c. 

(III) Rigging.—All zero super-pressure cases (Figs. 1, 3 and 5) and all 
super-pressure cases (Figs. 2, 4 and 6) have been superposed in Figs. roa and 
10B respectively, thus showing the effect of rigging on the shape. 

(Note that Figs. 1 and 2 are not strictly comparable with the others, as 
fabric stretch was neglected and the keel width is greater in proportion. The 
shape of a zero super-pressure case will be the same for any size of ship 
(neglecting fabric stretch and weight, if these do not vary in proportion to the 
size) if the points of attachment are similarly disposed; but this is only true of 
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super-pressure shapes if the super-pressure varies in proportion to the head of 
gas, thus maintaining the pressure diagrams similar. On these grounds also, 
Fig. 2 is not strictly comparable with the others.) 


Part II].—DiscussioN OF ASSUMPTIONS 


A number of assumptions were made in Part I., some of which were essential 
to the method and others only incidental to the examples. In the text they were 
merely stated and indicated by small index figures, but they are now considered 
more fully here. 

For ease of reference the numbering of the assumptions in this part and 
the corresponding index figures in the previous part are identical. 

1. It is assumed that the cross-section can be treated separately, and is 
not affected by the longitudinal loads* and curvature of the envelope, nor by 
shear and bending of the envelope as a whole. 

It is obviously desirable to treat the cross-section independently, provided 
the errors involved are not large enough to vitiate the results thus obtained. 
In engineering generally it is common practice to treat quantities which are 
actually mutually dependent, as if they were independent. This is permissible 
with certain ‘‘ primary ’’ quantities which are not greatly affected by the other 
variables, so that the possible percentage error is small. Such error can some- 
times be reduced by successive approximation or by corrections which are usually 


more or less empirical. 
In the present case the shape of the cross-section and the loads occurring 
in its plane have been treated as primary quantities. The possible importance 
of the effect of shear and of lengitudinal curvature and change of cross-sectional 
shape along the length of the ship must now be considered in a general way. 
Firstly, to get an idea of the importance of shear, it is necessary to consider 
briefly the overall requirements of strength for a semi-rigid airship. The follow- 
ing are some of the characteristic points of the whole ship regarded as a 
Structure :— 

(a) The ship is essentially an unsymmetrical compound beam, of which the 
keel and the gas-filled envelope are the two elements, 

(b) The envelope relies on difference between the internal and external 
pressure for its strength. 

(c) Statically, this pressure difference is not uniformly distributed vertically, 
and the pressure diagrams are not similar for ail cross-sections along 
the length of the ship. The pressure distribution varies considerably 
with angle of pitch, 

(d) The question of pressure distribution is further complicated by the aero- 
dynamic pressure loading for straight, pitch, yawed, and turning flight 
conditions. (In this connection it should be noted that the shape of 
the ship probably difiers from a solid of revolution sufficiently to modify 
the aerodynamic loading somewhat from the ideal). 

(e) The fabric itself deforms considerably under various conditions of loading. 

(f) Relatively large changes of cross-section and deflections result from 
the changes of pressure loading, so that the envelope is an unusually 
variable structure, 

(g) The line of centroids of the cross-sections of the ship is therefore variable, 

as well as being curved; this also applies to the longitudinal line of 
thrust of the gas pressure. Large and variable bending moment is 
thereby set up, in addition to bending moment due to static and aero- 
dynamic loading. 


* Except in so far as the longitudinal tension affects the lateral stretch of the fabric. 


| 
| 
i : 
| 
: 
: ; 


F. G. EVANS 


It is thus difficult to arrive at any really satisfactory and definite results 
when considering the combined action and strength of the keel and envelope. 
Clearly it is possible to choose a number of severe cases of somewhat nominal 
loading conditions, such as must be used for any load calculations, and arrive 
at some idea of the distribution of the load between the various parts of the 
keel and envelope with the help of suitable assumptions, and no doubt this 
will generally be done. However, American semi-rigid experience showed that 
the envelope did not contribute as much help as their calculations had indicated.* 
Moreover, one of the advantages of the semi-rigid ship over the non-rigid is 
that lower super-pressures can be employed, this increasing the life of the 
fabric and reducing the diffusion loss of gas. This reduction of super-pressure 
reduces the strength and rigidity of the envelope when compared with the non- 
rigid. 

In view of all this, the present practice of designing the keel to take all 
the loads without assistance from the envelopey is no doubt thoroughly justified, 
and will probably be continued in the future. (In some cases the gas space is 
sub-divided by complete transverse diaphragms, and the keel made strong enough 
to meet the case when any one of the gas compartments is deflated). 

As a consequence of this strength requirement, the keel will be stiff relative 
to the envelope, for it is unlikely that a very shallow keel would be used, as it 
would be uneconomical! as a structure and would provide very little internal 
accommodation for essential and useful load and a corridor. 

Further, the static shear is usually kept as small as possible by careful 
design, and aerodynamic loading varies comparatively steadily along the length 
of the ship and so does not give rise to sudden variations in shear. 

The result of the stiffness of the keel combined with these loading conditions 
is to limit the relative deflection of neighbouring cross-sections to an amount 
which is small from the point of view of shear of the envelope, when the re- 
lative flexibility of the latter is taken into consideration. It therefore appears to 
be justifiable to assume that the eect of shear on the cross-section will be 
small. (Incidentally, shear can be included in the load diagrams used in the 
graphical method decribed in Part I. of this paper, and thus its effect can be 
found. This is described later in Part III.). 

Secondly, there is the question of longitudinal curvature and change of 
cross-section along the ship. 

If the effect of shear is neglected, it is clear that the cross-section of a 
cylindrical envelope with its axis horizontal can be considered independently of 
the conditions obtaining in the longitudinal direction, provided the ends exercise 
no restraint on the cross-sectional shape, Also in the case of a conical envelope, 
if the pressure diagrams were geometrically similar for all cross-sections, the 
shapes of the latter would be similar, and they could be considered independently 
since they would exert no restraining effect on one another. Actually, even 
with the axis of the cone horizontal, the load diagrams will not be similar. Even 
when there is no applied super-pressure the gas pressure will only be zero at 
the lowest point of the largest section (if the ship is just full of gas) and not 
at the lowest points of the other sections, since the latter points are above the 
former. This may be modified by aerodynamic joading, or by the varying head 
of gas along the ship when it is pitched. 

The change of shape from section to section, and the longitudinal curvature 
of the envelope as a whole, prevent the cross-sections acting independently. 


* See “Pressure Airships,”? by Blakemore and Pagon (Ronald Press Co., N.Y.). 

+ A reservation must be made in the case of turning flight, when bending in the horizontal plane 
is set up, as the keel is situated at the neutral plane and is narrow compared with the 
width of the envelope, of which at least the upper half is subjected to considerable 
internal pressure. Under these conditions it appears probable that the envelope will con- 
tribute most of the strength in this direction. 
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Consider an actual ship. At the nose, where the curvature is greatest, the 
nose stiffeners affect the shape and control it to a large extent, so that the method 
under consideration would not be applied. In the region of the tail surfaces, 
the shape is affected or fixed by their supporting structure. 

The method is therefore chiefly concerned with the middle portion of the 
ship. The effect of the ends is least felt at about the maximum section, where 
the envelope is often nearly, if not quite, cylindrical, so that the assumption 
of independence of sections should not lead to large errors here. The method 
put forward by Pagon in ‘‘ Pressure Airships ’’* made this same assumption, 
and gave very good agreement in practice. Behind the maximum section, the 
envelope is usually not very far from conical, so that except for the effects of 
the variation in the loading, the method should apply reasonably well. 

It will be seen from the foregoing that the errors arising from the neglect 
of shear, longitudinal curvature and change of cross-sectional shape along the 
ship should be reasonably small for normal conditions. However, when greater 
accuracy is required or when the error involved by neglecting these quantities 
may be comparatively large (as will be the case in certain of the less normal 
loading conditions, such as flight at large angles of pitch) these neglected 
quantities can be introduced after the first approximation. The way in which 
this can be done will be described more fully in Part I1I., as was mentioned 
above in connection with shear. For the present it is sufficient to point out that 
each cross-section may first be treated independently, so that the magnitude of 
the neglected loads can be determined, without great error, 

2, Unit loagitudinai length of the env elope is considered when treating the 
cross-section, 

This is clearly justifiable when there is no internal rigging, as the loads in 
the fabric are transmitted to the small catenary wires attached to the keel joints 
all along its length, so that the loading is smoothly distributed. 

When rigg xing is used, however, that part of the load which is taken by 
the rigging is only transmitted to the keel at intervals, but it is still justifiable 
to assume that the rigging loads are taken from the envelope in a smoothly 
distributed manner, since it is essential for aerodynamic efficiency that the 
longitudinal profile ‘of the ship remains a smooth curve when under load. The 
usual means adopted to ensure this is to attach longitudinal fabric curtains inside 
the envelope along the meridians at which the rigging loads are to be applied. 
Catenary wires usually run along the edges of the curtains, and are attached 
to the rigging wires at their ends, The system is thus equivalent to a series of 
inverted suspension bridges, which distribute the rigging loads smoothly. De- 
flection of the catenary and stretch of the curtains will, of course, occur; but 
the deflection of the catenary is zero at its ends and a maximum at the middle, 
while the stretch of the curtain is a maximum at the ends of the catenary where 
the curtain depth is greatest and a minimum at the middle of the catenary 
where the curtain depth is least, so that the two add together to an approxi- 
mately constant amount between any two planes of rigging, and the profile 
remains very nearly smooth. The dip of the catenaries may be designed chiefly 


with this end in view. The combined deflection of catenary and curtain is 
equivalent to stretch of the rigging wires, and can be allowed for in determining 


the cross-section (see assumption 5). 

Note that the load found in a rigging wire for unit length of envelope must 
be multiplied by the length of the section of the envelope which is assumed 
to apply its load to this wire. 

3. The initial cross-sectional shape was assumed to be circular, corresponding 
to the air-filled, weightless envelope. This assumption is not essential, but can 
often be made and is convenient as the line of resultant pressure on the fabric 


* See previous footnote. 
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arc is then known to pass through the centre of the circle for the first approxi- 
mation. 

Ships are often designed as solids of revolution, and the rigging and 
super-pressure are relied upon to prevent the cross-sections departing appreciably 
from the circular. However, various lengths of fabric arcs and rigging » may 
be employed in order to get a more nearly circular section. In this latter case, 
the initial fabric ares between the rigging points can be put in as circular 
arcs of the required length, though these individual ares do not all form parts 
of the same circle. The resultant pressure load for each arc then passes through 
Its Own centre. 

4. The keel structure was assumed to lie outside the initial circle for 
convenience, 

If an internal keel is used, it is usually covered over with envelope fabric 
so as to leave it free of gas, for accommodation purposes. When the keel, 
or any other object, intrudes thus on the gas space, the load diagram must 
include the pressure load on that part of the envelope fabric which covers it, 
in order that the true value of the litt of the section may be found from the 
diagram. 

9. Stretch of the actual rigging wires is usually exceedingly small com- 
pared with the stretch of the fabric and the changes in the cross-sectional shape. 
As mentioned in the above remarks concerning assumption (2), deflection of 
the catenaries and stretch of the curtains may make the total rigging stretch 
appreciable. 

This can be allowed for by successive approximation in the course of the 
construction, by increasing the rigging length as required, 

6. The stretch and shear deformation of single-ply fabric under load is 
affected by several variables, such as rate of loading and time of application 
of load. The stretch in the direction of one tension is affected by the tension at 
right angles to the first, and so on. In practice, a 3-ply fabric is generally used, 
one ply being laid diagonally to the other two. Such a fabric can be made 
with good gas-tight properties, and the diagonal ply reduces shear deformation 
to the same order as that of the direct stretch. Unlike a single ply, such fabric 
often has a nearly constant modulus of elasticity at a given rate of stretching. 
The modulus in the direction of the warp of the two parallel layers is usually 
considerably higher than that at right angles to it. 

If the stretch is to be dealt with reasonably accurately in any given design, 
it is necessary to have test results for the fabric which is to be used. 

A constant figure has been used for the examples in this paper, as_ will 
be seen in the appendix. In lieu of complete test results for any particular 
fabric, this is sufficient to demonstrate the method. 

When the required test results are available, the longitudinal tension per 
unit width of fabric can be estimated, and the circumferential tension can be 
found from the polar diagram for the cross-section, and the stretch determined 
more accurately. A mean value for the longitudinal tensile stress may be found 
for the given are or, where this involves an appreciable error, the arc may be 
divided into a number of parts, and the stretch of each are found more accurately. 
A definite time of application of the load must be assumed for design purposes, 
and the modulus chosen to agree with this. 

In some ships, the fabric is laid on circumferentially and in others longi- 
tudinally. The former arrangement reduces the deformation of the cross-section 
due to fabric stretch, and probably results in reduced deformation of the profile. 
The value of the modulus used in the examples corresponds to the longitudinal 
arrangement of gores, so as to demonstrate the inclusion of comparatively large 


stretches. 
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7. The lowest fabric are (i.e., the fabric from the keel catenaries up to the 
lirst rigging point) is made comparatively large owing to the following con- 
siderations. 

The lowest part of the cross-section of the envelope tends to move inward 
from the circular, so that rigging members capable of taking compression or 
bending would be required to maintain the desirable circular shape. This may 
be accomplished by using a wide keel structure or by outriggers from the 
keel, which is simply equivalent to moving the point of attachment to the 
keel, and therefore offers no difficulties from the point of view of this method ; 
but it is obvious that rigging wires are of no use in this region. 

Moreover, any wire from the keel, attached to the envelope comparatively 
low in the section, must tend to meet the fabric more nearly tangentially than 
radially, so that if the wire gets any tension load its chief effect is to reduce the 
tension in that part of the fabric below this rigging point without appreciably 
reducing breathing movements. This is wholly undesirable, as the lower part of 
the envelope must be under tension if it is to transmit shear to the keel at all 
effectively, and maintain the shape of the envelope and its disposition relative 
to the keel. 

Consequently, the lowest fabric arc must be made relatively large, and 
this is suflicient to give an easy start for the determination of the shape, 
as described in Part 1. (If this were not so, the trial and error involved might 


be laborious). 


It is hoped that the space devoted to this generai consideration of the assump- 
tions will not be considered excessive, and that the importance of the possible 
errors has not been over-emphasised. From one point of view, the assumptions 
on which the treatment of any subject is based are perhaps the most important 
part of the treatment. At any rate, it may safely be said that an appreciation 
of the assumptions involved in any method or formula is essential to its intelli- 
gent application, 


Part II[.—REvIEw oF OTHER METHODS OF DETERMINING THE CROSS- 
SECTIONAL SHAPE AND DISCUSSION OF THE METHODS 


In accordance with the intentions expressed in the Introduction, this is 
regarded as a merely secondary part of the paper and no attempt is made to 
present the theories of the other methods of dealing with the cross-section either 
completely or in detail, However, it is considered that outlines of these methods, 
sufficient to show the principles on which they are based, would add to the use- 
fulness of the paper, so brief reviews of three other methods are given here. 

The methods are due, respectively, to :— 

(1) Rudolph Haas, Dr. Eng.* 
(11) Col. G. Arturo Crocco. |! 
(III) W. Watters Pagon, A.B., S.B., M.C.E.} 

(I.) Dr. Haas gives a method of determining the cross-section of a non- 
rigid airship in a paper describing methods of determining the deformation of 
envelopes developed in connection with the Siemens-Schuckert airships. In the 


* This method is given in a paper by Haas and Dietzius on the Stretching of the Fabrice, and 
the Deformation of the Envelope in Non-rigid Balloons, dated Berlin, December, 1912. 
A translation from the German by Karl K. Darrow is available as N.A.C.A. Report 
No. 16 (1917). 


+ Rendiconti Esperienze e studi dello Stabilimento Costruzione Aeronautiche, Vol. III. (1914). 


{ ‘Pressure Airships,”’ by Blakemore Pagon (The Ronald Press Co., N.Y.). This book 
also contains an explanation of Crocco’s theory. 
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case of non-rigid airships, even when fitted with comparatively long cars, the 
shear strength of the envelope and the effect of shear on the deformation of 
the cross-section assume considerable importance as compared with the case 
of semi-rigids; the following cases are therefore dealt with :— 

(i) A section at which no dead load is applied, ali the lift being taken by 

envelope shear, 

(ii) The load exactly equal to the lift of the section. 

(iii) The general case, where the load and lift are unequal, their difference 

being balanced by shear. 

It would seem that the method is not so much primarily concerned with 
the exact cross-sectional shape itself, as with the effect of the change of cross- 
section on the bending and shearing strength and deflection, for the distribution 
of bending tension and shear stress are first found for cylindrical and conical 
envelopes, assuming the cross-section to be circular. ‘The cross-section is then 
found for the cases enumerated above for a series of different loading and 
suspension cases, and from these is derived eventually a series of curves showing 
the percentage alteration in the moment of inertia and shear constant of the 
cross-section for different conditions, due to the deviation of the section from the 
circular, 

In determining the cross-section the longitudinal radius of curvature and 
tension are neglected and it 1s shown that the weight of the fabric can be 
allowed for, in the case of a circular section, by subtracting half the weigiit 
from the lift of the section (reducing the lift of the gas, and increasing the 
super-pressure accordingly, so as to give the same mean pressure) and the 
other half from the shear. 

The above mentioned cases will now be considered a little more fully. 

(i) It is shown that the cross-section remains circular, and that the circum- 
ferential fabric tension increases linearly with the height. As this case does 
not apply to semi-rigids, it is not necessary to enter into further detail here. 

(11) The whole of the load is assumed to act at the lowest point of the cross- 
section or, alternatively, at two points on the envelope symmetrically disposed 
on either side of the vertical axis of the section. In the latter case the rigging 
mects the envelope tangentially. The section will be oval but the fabric weight 
ran be allowed for as above, assuming the section to be circular, without great 
error. Strictly, this case then applies to the section where the load including 
half the fabric weight equals the true lift, and the upward shear equals half 
the fabric weight, though even then the small error due to assuming the section 
circular is still present. 

It is shown that the lateral fabric tension will be constant along the cir- 
cumference and that the graph of the radius of curvature plotted against the 
height above the zero pressure line is a rectangular hyperbola, the constant of 
which is not directly determinable for a given case. 

An expression connecting the slope of the fabric arc with the radius of 
curvature and the height above the zero pressure line is obtained. 

First, the case in which the load is applied at the lowest point is treated. 
Several hyperbole are plotted for successive arbitrary values of the constant, 
corresponding to unit radius of curvature at the highest point and varying 
values of the height above the zero pressure line. Approximations to the shape 
of the cross-sections are constructed by drawing end to end circular arcs of the 
radii given by the corresponding hyperbola. The correct slope of the shape at 
any point can be calculated by the expression mentioned above, and this is 
always done for the lowest point of each shape. 

Since all cases in which the ratio of the pressure at the top to that at 
bottom is the same give similar shapes, the family of shapes thus obtained 
represents all cases, and not only those with the same radius at the top. From 
these shapes the ratios to the diameter of the circle of the same perimeter, 
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of the height, maximum width, radius at top, radius at bottom, and height of 
top above maximum width, can be found and plotted against the ‘* pressure 
ratio ’’ (i.e., the ratio of the pressure at top and bottom), together with the 
angle of slope at the lowest point. These quantities are considered sufficient 
to fix the shape with the required exactitude for any case. 

When two external tangential suspensions are used a discontinuity in the 
radius of curvature, which is determined for certain pesitions of attachment 
by a process involving trial and error, occurs at the suspension points and the 
above ratios and angle are redetermined for a few cases, 

Finally, the quantities fixing the shape can be plotted against the ‘‘ pressure 
ratio ’’ and the ‘* suspension ratio ’’ (which defines the position of attachment of 
the suspensions) either as families of curves in two-dimensional co-ordinates or 
as surfaces in three-dimensional co-ordinates. The change in the moment of 
inertia and the shear constant of the section from their values for a circle are 
also similarly plotted against these two. ratios. 

(iii) This is the general case. It does not permit of any simple strict solu- 
tion but could be tackled by successive approximation, though not very  satis- 
factorily. 

Fortunately, the variation in the values of the moment of inertia and shear 
constant due to the change of shape can be determined approximately as follows :— 

The changes of the values of these two constants of the cross-section from 
their values for a circle are zero in case (i), and can be determined from the 
graphs obtained in case (ii) for any selected ‘‘ suspension ratio’? (which was 
generally constant for any ship of the type with which Dr. Haas’ paper was 
concerned). Further, if the load on the section is infinite the cross-section 
becomes a double vertical line. The load divided by the lift is termed the 
‘‘ ratio of loads ;’’ in the first case its value is zero, in the second, unity and in 
the third, infinity. The values of the two constants of the section can be 
calculated for this last case, so that a curve showing the change in the con- 
stants due to change in the ‘* ratio of Joads *’ can be plotted through two points 
fixed by the first two cases, to approach the value fixed by the third case 
asymptotically, 

The form of the equation to this curve is assumed, and while this pro- 
cedure is obviously not strict, vet no doubt it should give quite good results. 

This is done for various values of the pressure ratio, and finally two families 
of curves showing the variation of the moment of inertia and shear constant 
of the section respectively, with variation in the ratio of loads for different 
pressure ratios, are obtained for the given suspension ratio without determining 
the actual cross-sectional shape. However, as far as can be seen, there should 
be no difficulty in treating the quantities which were used above to define the 
shape in the same way, if it were desired to find a close approximation to the 
final shape, though this would no doubt prove a rather laborious task. 


‘ 


(II.) Colonel Crocco shows that when a thin elastic spring, initially straight, 
is bent into a curve by the application to its ends of equal and opposite forces 
acting in the same straight line, it adopts the same shape as the fabric of 
the envelope. The applied forces must lie in the zero pressure line, so that the 
two ends of the spring will just touch one another for zero super-pressure 
(neglecting keel width), while for positive values of super-pressure the ends will 
cross over by an amount corresponding to the particuiar case. 

Instead of using the full length of spring, only a part of it may be used, 
with levers fastened to its ends by fittings which permit of angular adjustment 


in the plane of bending. The equal and opposite loads are applied to these 


levers in the zero pressure line as before. 
The method then consists of adjusting the levers by trial and error so 


‘that they both lie in the direction representing the vertical in the actual cross- 
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section and so that their points of attachment to the spring lie at the correct 
vertical and horizontal distances apart. (Presumably this is actually done on 
a drawing board in a horizontal plane, so that the weight of the spring does 
not affect the shape). The tension in the fabric can be calculated from the value 
of the load applied to the levers, 


(III.) Pagon’s method consists of the mathematical determination of a 
standard family of curves which directly represent the shape for all conditions. 
By a process of trial and error, the correct portion of the correct shape-curve 
is selected for the given case. 

The initial determination of the family of curves is done in the following 
way. The cross-sections are assumed independent of one another (i.e., the enve- 
lope is assumed cylindrical, the effect of shear and of longitudinal curvature 
and tension being neglected) and the fabric is assumed weightless. The fabric 
tension is therefore constant, 

The equilibrium of the horizontal forces is considered. The summation of 
all the horizontal components of the forces from the top point down to any point 
on the section must be zero. This gives an expression for the height (i) above 
the zero pressure line in terms of the fabric tension (7), gas lift (c), slope of the 
shape curve (6), and height (/i,,) of the top point (where the curve is horizontal) 
above the zero pressure line. 

The relation ‘* fabric tension equals the product of the pressure and radius 
(r)’’ is introduced, and by substituting }y?h,, for 7, (/.e., the radius at the top) 
and wv for ati expression for is obtained in terms of g, and 


The horizoatal distance of any point on the curve from the highest point is 
called x, and the corresponding length of are measured from the same point S. 
The expression for h is differentiated with respect to ¥, and hence the values of 
dS/dwv and are found. 

These are integrated, giving expressions for S and x in the form of elliptic 
integrals. By means of tables of these integrals, the required family of curves 
is constructed. 

ixpressions for the area of lift, the position of the centre of gravity of the 
arc, the moment of inertia of the arc, the longitudinal gas pressure, ‘and the 
bending moment due to the latter are obtained. A way of allowing for the effect 
of fabric weight is also given. It involves a modification to the lift of the gas 
and to the super-pressure but, being based on the assumption that the radial 
component of the weight varies linearly with the height which is only strictly 
true for a circular section, it is only approximate. Moreover, it only gives an 
approximate mean value for the fabric tension, which actually varies along the 
arc, and it does not give the correct nett value for the lift of the section as it 
accounts for something less than half the weight when applied to a non-circular 
section. (If the envelope were circular it would account for exactly half the 
weight, the other half being equivalent to shear, as is shown by Dr. Haas). 
The nett lift at the section must therefore always be found by subtracting the 
fabric weight from the gross lift as no doubt would be done in any case, The 
error in the shape will not be of the same order as the error in the reduction of 
lift, of course. 

The application of the method is facilitated by ‘‘ index curves ’ derived 
from the standard family of curves and showing the effect of altering the valu: 
of one quantity on the dependent variables. 


General Discussion 


Dr. Haas’ method was intended for non-rigids but it is introduced into 
this paper as it deals with the case where the lift at a section of the ship equals 
the load applied, which is the condition assumed by the other methods for the 
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sections of a semi-rigid airship. Moreover, it treats this case on the same 
general assumptions as do the other methods, neglecting the effect of longitu- 
dinal curvature and tension. Further, it is the only method that includes the 
effect of shear directly. While the effect of shear on the shape is of much 
less importance in the case of semi-rigids, and the sharing of the shear between 
the keel and envelope for different conditions is not readily calculable, yet it 
should not be completely ignored. 

The case of the semi-rigid with no internal rigging can be dealt with 
directly by the method given by Dr. Haas for the ‘* no-shear ’’ case. Unfortu- 
nately, the only type of rigging included in the method, as given, is the 
external tangential type which is not applicable to the semi-rigid, where the 
rigging (if any) is internal and more or less radial. “(he method could possibly 
be extended to include the simplest forms of semi-rigid rigging (such as the single 
central wire type) but it would probably prove rather cumbersome. The des- 
cription of the method given above is sufficient to show the rather large number 
of successive steps involved in the working before the final curves suitable for 
practical use are derived. If the method were further complicated by the intro- 
duction of internal rigging wires it would almost certainly prove too laborious, 

It is probable that Crocco’s method would be the quickest to use, though 
it is usually surprising what a tantalisingly long time the adjustment of any 
such apparatus will occupy, owing to the inter-dependence of all the adjustments. 
Actual experience in the use of the apparatus would be necessary to decide 
this point, and also the question of the degree of consistency and accuracy of 
the results, taking the assumptions concerning the cross-section as accepted. 
The quality of the apparatus is clearly of importance in this connection. The 
spring must be quite uniform and initially straight. The error due to basing 
the theory on the ordinary theory of straight beams will be small if the spring 
is sufficiently thin. Thinness is also essential in order that the stress shall 
remain low, for the true elastic limit must not be passed as Hooke’s Law is 
naturally assumed to hold. This is in addition to the obvious fact that the 
stress should never be permitted to rise so high that a permanent set is pro- 
duced. 

The principle of the method is certainly simple and ingenious, and it is 
interesting to find a case such as this (in which it is shown that under suitable 
conditions an elastic member subjected to bending adopts the same shape as 
a perfectly flexible member subjected to distributed loading) having so direct 
a practical application. 

It is possible to include the effect of fabric stretch by successive approxima- 
tion, and the effect of fabric weight can be included approximately in the same 
way as has already been mentioned in the above description of Pagon’s method. 
Such quantities as shear and aerodynamic loading which is not constant round 
the section cannot be taken into account. When internal rigging is used _ it 
will be necessary to consider the equilibrium of the points of attachment to 
the envelope and the cross-section will have to be modified until equilibrium 
is attained. 

Pagon’s method has the advantage that the shapes of the curves are de- 
termined mathematically in the first place, so that they should be accurate for 
the assumed conditions. Moreover, these shapes readily permit of the direct 
calculation of such quantities as their moments of inertia, which is a con- 
siderable advantage. Expressions for a number of such quantities are derived 
and given in ‘‘ Pressure Airships,’’ as was mentioned in the outline of the 
method given above. 

The method should be reasonably simple to use. As in the case of the 
other methods, its practical application involves no ‘‘ advanced mathematics.”’ 


Fabric stretch can be included by successive approximation 
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On the other hand, this method, like Haas’ and Crocco’s, is not very 
flexible as regards the loading conditions with which it can cope. The approxi- 
mate allowance for fabric weight was discussed in the course of the description 
of the method, while the effects of shear and non-uniform aerodynamic loading 
round the section cannot be included by the method as it stands. If the mathe- 
matics proved tractable for certain other loading conditions it is improbable 
that the results would reduce to a suitable form for practical application. 

The equilibrium of the rigging points on the envelope must be considered 
in much the same way as when Crocco’s method is being used. 

There are certain points which are common to all methods. For instance, 
they all involve trial and error or successive approximation. Dr. Haas’ method 
for non-rigids avoids the necessity for this, in the practical use of the method, 
by means of graphs and by making an assumption as to the equation of a 
curve, but trial and error is still involved in determining the curves for any 
given suspension ratio; the final curves obtained (showing the variation in the 
constants of the section) only apply to a given suspension ratio when shear is 
taken into account. From the nature of the problem, trial and error or successive 
approximation would seem to be inevitable. 

The envelope is assumed to be cylindrical, longitudinal curvature and tension 
being neglected except perhaps in so far as the latter affects the modulus of the 
fabric in the lateral direction. As will be seen later, in the case of the 
graphical method described in Part I. this assumption is not essential. 

Then there is the question of obtaining equilibrium of the whole cross- 
section when several rigging wires are used. No really direct method is available, 
so it simply means that a little patience is required for the successive trials. 
However, the graphical method of Part I. probably has a distinct advantage 
here, for the process described there (see Cases II]. and IV.) is reasonably direct 
and does not appreciably add to the method as used for the simple cases. The 
equilibrium of the rigging points is practically automatically included in’ the 
normal polar diagram, and the ordinary second approximation corrects any 
appreciable residual error. There is no need to treat the equilibrium of the 
rigging points separately from that of the individual fabric arcs, the cross- 
section being treated more as a whole. 

The difhculty of finding a suitable starting point when dealing with the 
more elaborately rigged cross-sections, which is discussed in Part I. (Case IV.) 
and Part Il. (7), applies at least equally to the other methods. No gréat 
trouble should arise from this source, however, for the reasons given in Part II. 

In Part I. a number of cases were dealt with in detail, and this may have 
given the impression that this graphical method is unduly complicated or laborious. 
This is not so; the only essential idea is the simple principle of the method 
stated at the beginning, and its application is facilitated by such commonsense 
constructions as those described in connection with the examples. Only reason- 
able care is required in the actual construction. In cases with moderate super- 
pressure only the first approximation is necessary unless great accuracy is re- 
quired in the values of the tensions. When the super-pressure is zero the first 
approximation gives quite a close estimate of the shape and tensions, and a third 
approximation is apparently never required. 

Probably the chief advantage of the method is its flexibility. That is to 
say, more or less any type of loading, such as weight of fabric, shear, and 
non-uniform areodynamic loading (as arises in pitched flight) can be included. 
An example was given of the inclusion of fabric weight (see Case V.). 

Shear can be included if an estimate of the total shear taken by the envelope 
at the given section is available. If this is to be reasonably accurate it will 
have been necessary to determine the first approximations to the cross-sections 
along the ship first of all. In this connection it is well to point out that the 
more or less vertical sides of the cross-section are stiff against shear com- 
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pared with the lower parts near the keel, which are at a flatter angle. This 
results in the longitudinal profile of the envelope tending to retain its 
shape and not to distort much under shear in the vertical plane while leaving the 
keel comparatively free to deflect under shear, so that the two do not work 
together effectively. If the super-pressure is increased in order to increase the 
tension in the fabric, the increased stiffness of the fabric in the lower part of 
the cross-section is largely countered by the flatter angle which the fabric then 
adopts in this region. However, assuming that an estimate of the shear has 
been made, it can be distributed over the section, since it can easily be shown 
that the distribution of shear stress is proportional to the sine of the angle that 
the tangent to the shape at any point makes with the horizontal. The shear 
loads on the element can thus be determined, and included in the line of loads 
alternatively with the pressure loads for the corresponding elements, much as 
was done in Case V. for the fabric weight, except that, unlike the weight, the 
shear acts in different directions for the different elements. The directions 
of the lines of action of the elemental! loads in the position diagram, which are 
required for the construction of the funicular polygon, must be the same as the 
directions of the resultants of the corresponding elemental pressure and shear 
loads in the polar diagram, unless the change of direction from the normal 
pressure direction is small, in which case it can be ignored as was explained at 
the end of the description of Case V. 

Aerodynamic loading can easily be included, even when it varies round the 
section, by modifying the pressure diagram accordingly. The vector (polar) 
diagram will then give the resultant of the gas lift and aerodynamic shear for 
the section, (The other methods can only take into account such areodynamic 
loading as is constant round the section, in which case it is simply equivalent 
to a change in the super-pressure, as the pressure curve must remain a straight 
line), 
Sections at which the envelope is attached to the structure at various points 
in addition to the bottom attachment to the keel, such as may occur in the region 
of the tail surfaces, can readily be dealt with by any of these methods intended 
for semi-rigids. 

The case in which the section is only partly filled with gas (the remaining 
part being occupied by air in a partly inflated ballonet attached to the envelope 
itself} can be solved by Crocco’s or Pagon’s method by treating the gas-loaded 
and air-loaded parts of the section separately and combining them suitably by trial 
and error. The air-loaded part of the fabric will be under constant pressure and 
will therefore be circular. Assuming that the ballonet is not inflated sufficiently 
to become tight, the graphical method will solve the problem directly and auto- 
matically give the correct shapes for the air and gas-loaded parts simultaneously 
if the pressure diagram is simply drawn to correspond to the given conditions 
and the method applied in the usual way. 

When the ballonet is inflated sufficiently to become taut so that it pulls 
the envelope in at the point where it is attached to the latter, the solution is 
still obtainable but, as in the case of Crocco’s and Pagon’s methods, trial and 
error is involved, as the equilibrium position of the point on the envelope where 
the ballonet is attached has to be found, and movements of this point affect 
not only the shape of the envelope and ballonet and their tensions but also the 
total cross-sectional area and the proportions of this area occupied by gas and 
air. 


The graphical method should be the best for dealing with this case also, as 
in this method the loading and lift is alwavs assumed not to vary while the first 
approximation is being obtained and the error due to this is virtually eliminated 
by successive approximation, so that nothing essential is added to the normal 
procedure from this cause. Also, the vector diagram can be drawn to represent 
all the pressure loading for the section, including that on the balionet itself. 
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This should simplify the trial and error determination of the equilibrium position 
adopted by the point where the ballonet is attached to the envelope, as the 
approximate effect of any movement of this point on the tensions and shapes 
can be readily visualised.* 

‘ In Part II.+ it was pointed out that under certain conditions the effect of 
longitudinal curvature may be important, but that the results obtained when it 
was neglected would be good approximations. As in the case of shear there 
would be no point in including the effect of longitudinal curvature in the initial 
stages of the consideration of the cross-section when the latter is probably 
assumed to be circular. It is best to obtain approximations to the cross-sections 
of the ship at intervals along its length first. 

Approximations to the loadings on the cross-sections due to longitudinal 
curvature, as well as the previously mentioned estimates of shear and its dis- 
tribution, may be based upon these. Using these sections, the ‘‘ lines ’’ of the 
ship can be drawn in front and side elevations and the true longitudinal profiles 
of the shape at various positions on the surface can be constructed. Hence the 
longitudinal curvature at any required point on the ship can be found. The 
distribution of the longitudinal tension at any section can be estimated in con- 
junction with the shear estimates. Knowing the longitudinal tensile stress at 
any point on the section and its change of direction in unit length of the ship, 
the radial resultant can be found. If this is done for a number of points round 
the section, the distribution of radial loading due to longitudinal curvature can 
be found for that section and can easily be included in the vector diagram 
together with the other loadings. Second approximations to the cross-sections 
can thus be found and should be sufficiently accurate in most cases, but the process 
may be repeated, if necessary, and a closer approximation found. 

Although the accuracy of the estimation of the shear and longitudinal tensile 
stress may not be of a very high order, owing to the uncertainty as to the 
sharing of the load between the keel and envelope, the error in the final results 
should be quite small as these quantities are only of the second order from the 
point of view of the cross-section. 

From the above considerations it will be seen that this graphical method 
is distinctly flexible. Practically any system of loading can be coped with by 
means of it. The other methods cannot take account of the effects arising from 
the continuity of the envelope, so this method should prove useful when it is 
desired to investigate any case very thoroughly. Only naturally, this would 
involve a good deal of work. 

Of course, excessive elaboration of the types of loading included when the 
method is being used for ordinary routine design purposes is probably not 
warranted. Nevertheless, it would appear to be definitely worth while to include 
the fabric weight in all important cases. (The approximate method of including 
the weight employed in Pagon’s method can, of course, be used in conjunction 
with this graphical method if desired, instead of using the more accurate graphical 
allowance. This might be done in the less important cases and cross-sectons 
considered in any particular design, with a probable slight saving in time). 

The subject method of this paper should also prove useful for determining 
the order of the effect of any such loading as shear or aerodynamic pressure 
which may normally be omitted. The magnitude of the effect could be determined 
by considering a case with and without the loading in question. Approximate 
corrections for omitted loadings could thus be obtained. This would permit -most 
of the cross-sections to be determined for simple loading, as any appreciable 
error arising from the omission of other loading could be largely removed by 
comparison. At least the maximum section of the ship would probably be treated 
for all the important conditions of loading. 


* See Supplement at end of this paper. 
+ See Assumption 
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It will be seen that all the methods have their strong and weak points, and 
that the principal assumptions and difficulties are common to most of them. 
The choice of method may be dictated by personal taste to some extent but no 
doubt alternative methods will sometimes be used, the choice being influenced 
by the advantages of the different methods in relation to the particular purpose 
which is in view. 


APPENDIX 


PARTICULARS OF THE EXAMPLES 


In order that the diagrams might be reproduced clearly to a considerably 
reduced scale, as would be necessary for publication, it was decided not to 
encumber them with detailed particulars but to insert in them only the essential 
lettering and information and record the remainder here in the form of an 
appendix to the paper. 


Case |. (Figs. | and 2) 
As mentioned in Part I, the scales and dimensions for this case were selected 
arbitrarily, the object merely being to illustrate the method. There would there- 
fore be no point in recording the dimensions here, 


Case I].—Single Central Rigging 
The particulars for this case are written out in order, so as to make clear 
the process of construction. Subsequent cases are tabulated. 


{a) Zero Super-pressure (Fig. 3) 

Fabric assumed weightless and rigging stretch negligible. 

Allowance for fabric stretch included. 

Gas—Hydrogen (assumed lift=.068 Ib./cu. ft.). 

Diameter of initial circle=50 ft. 

Keel half width= AA’=3 ft. 

Linear scale 1 in.=6% ft. (This was worked to a nominal scale of 
1 in.=5 ft., but a three-quarter scale was used, giving this ap- 
parently awkward actual scale.) 

Arc elements=4 ft. 

Half circumference of initial circle=78.6 ft. 

Initial fabric arc-=78.6—3.0=75.6 ft. 

Pressure curve :—- 

Pressure at top=50 x .ob8=3.4 Ib./sq. ft. 

Pressure at bottom=o lb./sq. ft. 

Pressure scale—1 in. =4 lb. 

Area of element=4x1=4 sq. ft. 

.. Load scale is—1 in.=4x 4=16 Ib. 


First Approximation 


Total horizontal (lateral) thrust--SH (say)=.068 x 50/2 x 50=85.0 Ib. 
[represented by 85/16=5.31 in (correct*)—5.34 in. (as drawn?) ]. 

Total lift of half section=XV (sav)=7 507/8 x .068=66.8 Ib. [repre- 
sented by 66.8/16=4.17 in. (correct)—4.17 in. (as drawn) j. 


***Correct’’=as calculated from given data. 
+ drawn” or ‘‘actual’’=as measured from the actual diagram. 
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ist Trial. 

Kabric arc=10 in. (as drawn)—reps. 60.7 ft. 

{=tabric tension=57 Ib./ft. width (approx.). 

Assume modulus (£, say) is constant (see Part II], assumption 6) and 
that fabric is laid on in longitudinal gores, thus giving a large 
circumterential stretch :—K =3,4co0 Ib./ft. width. 

Approx. stretch = (57 x 75.6/3,400)=1.27 ft. 

(=approx, stretchea length =75.0+ 1.27=70.9 ft. rep. by 11.52 in. |. 

2nd Trial. 

Arc = 10.33 In. 

grd Trial. 

Arc = 12.08 in. 

1'=48 Ib. 

Stretch=1.07 ft. 1=76.7 ft. [=11.48 in. ]. 

Movement of pole was plotted against are length, and hence required pole 
position fixed tor 4th trial. 
4th Trial Uinai). 
Arc=11.45 in. (error .03 in.). 


Second Approximation 
Are from first approximation corrected from 11.45 in, to 11.48 in. 
XH = 5.20 in. (actual) (5.31 im. correct). 
V =3.95 in. (actual). 
=52 (trom mean radius of load line). 
Stretch =ol = (52 x 75.6/3,400)=1.10 it. (approx.). 
l=706.8 ft. [=11.5 an. }. 
ist Trial. 
Arc=11.1 in. 
Just misses lower point—resultant fixed from this trial. 
2nd Trial. 
Are =i1-64 in 
Trial. 
ATc=—14.43. 
[=53-4 Ip. 
6l=1.19. 
1=76.8 ft. '=11.50 in. ]. 
4th Trial. 
By plotting pole movement and are length, are=11.50. 
Rigging tension = 27.2 Ib./{t. run of ship for half section, =54.4 Ib./{t- 
run of ship for whole section. 
(NotTi.—Some of the trials recorded here were not inked in on the diagrams 
for the sake of clearness.) 


II(b) Super-pressure = 3 |b./sq. ft. (Fig. 4) 

The super-pressure has been stated in pounds per square foot instead of 
in head of water, so as to be uniform with the units already being used in the 
examples. 

Pressure at top=3.4+3.c=6.4 lb./sq. ft. 
Pressure at bottom=0o+ 3.0=3.0 lb./sq. ft. 


The pressure and load scales are half of those used in II(a)—Fig. 3—so as to 


make the polar diagrams of about the same size as before, in spite of the addition 
of super-pressure :-— 


Ir 
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Pressure scale—1 in. =8 lb./sq. ft. 
Load scale—1 in. =32 Ib. (4 ft. elements). 
= 3,300 Ib./ft. width. 


First Approximation 


XV =66.8 Ib. [ =2.085 in. (correct), 2.¢8 in. (actual) 
SH =85.0+ 5c x 3-0= 235.0 Ib. [=7.34 in. (correct), 7.34 in. (actual) ]. 


Fabric Stretch : Arc length=1. Remarks. 
tension Required. Actual. 
=T. (i.e., us drawn.) 
Ib./ft. width ft. ft. in. ft. in. 
— — 75.0 11.34 
127 2.82 78.4 11.75 — 10.93 
2.60 78.2 — 11.65 
— — — 11.79 
11.72 11.71 Drawn half way be- 


tween trials 2 and 
3. 


Second Approximation 


= 2.20 in. (actual) 
=7.34 in. (correct), 7.26 in. (actual) |. 


T al. Remarks. 
Required. Actual. 
lb. /ft. width. ft. ft. n ft. in. 
in, resultant 
fixed. 
2.72 11.73 Practically coincides 


with Ist Approx. 
Rigging tension = 38.4 lb./ft. run of ship for half section, =76.8 lb./ft. 
run of ship for whole section, 


Case III.—Four Radial Rigging Wires 


(a) Zero Pressure (Fig. 5) 


Gas—Hydrogen (.068 Ib./ft.). 
Initial dia. =50 ft. 
Keel, half width= 3 ft. 
Linear scale—1 in. =5 ft. 
Lengths of initiai ares :—- 
DC=s5 ft. [=1 in}. 
CB=11 ft. [=2.2 m.]. 
BA=59.6 ft. [=11.92 in.]. 
Initial angular positions of rigging wires : — 


A 
DEC = 11.46°. 


DEB =36.7° 
Arc elements :— 
DC—yr ft. 2 
|. 
BA—3 ft. [=.6 in.], and 5 ft. [=1.o in. 1. 
I in.=r1o lb. 


Load scale 


Pressure at top=3.4 lb./sq. ft. 
Pressure at bottom=o |b./sq. ft. 
E =3,400 lb./ft. 


te 
|. 

LV =70.4 bb. [ 
aH =235 tb. 
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First Approximation 


XV =66.8 lb. [=6.68 in. (correct), 6.68 in. (actual) ]. 
SH =85.0 lb. | =8.5 in. (correct), 8.55 in. (actual) ]. 


Are. él. 
Required. Actual. 

_ Ib. /ft. ft. ft. in in. 

AB, Initial -— 12.0 59.6 11.92 
(approx.) 

Trial 2 37 0.05 60.25 12.05 — 12.43 
» Trial 3 — — — 12.05 a 12.00 
BC, Initial — 2.20 

CD, Initial — — — — — 1.0 
34. 0.05 5-05 1.01 5.0 1.03 


Remarks. 


Poles for ares BC 
and CD fixed from 
this. 


Rigging point C 
moved to give re- 
quired arc length. 


Point B moved to 
give correct arc 
length. 


Rigging tensicn :—EC = 21.0 lb./ft. run of ship, EB=28.2 b./ft. run of 


ship. 


Case IV.—Two Non-Radial Rigging Wires 
(b) With 3lb./sq. ft. Super-pressure (Fig. 6) 


Gas—Hydrogen (.068 Ib./cu. ft.). 

Initial dia. =50 ft. 

Keel, half width=3 ft. 

Linear scale—1 in. =5 ft. 

Lengths of initial arcs :— 
CB=14 ft. [=2.8 in. ]—3 ft. elements. 
BA=61.6 ft. [=12.32 in. |—3 ft. elements. 

Load scale—1 in. = 20 Ib. 

Pressure at top=6.4 Ib./ft.?. 

Pressure at bottom=3.0 Jb./ft.’. 

E = 3,400 Ib./ft. 


First Approximation 


XV=66.8 Ib. [=3-34 in. (correct), 3.34 in. 


(actual) ]. 
XH =235 Ib. [=11.75 in. (correct), 


11.78 in. (actual) |. 


Are. él. 1. 
Required. Actual. 
Ib. /ft. ft ft. in, ft. in, 
AB, Initial — — — 61.6 12532 
», Trial 1 — — 11.83 
55 Trial 2 113 2.05 67:65 (12073 — 12.19 
» 3 — — — 12.73 
BC, Initial — -- — — 14.0 2.80 
0.50 14-50 2.90 2.92 
Rigging tension :—AB=52.4 lb./ft. run of ship. 


Remarks. 


Point B moved to 
ive required 
ength. 
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{V=71.2 Ib. [=3.56 in. (actual) ]. 
8 Ib. [=12.14 in. (correct), 12.12 in. (actual) 
Arc. él. Remarks, 
Required. Actual. 

ft. ft. in, ft. in, 

AB, Initial — — — — — 12.73 

», Trial 1 108.8 1.97 63.57. 12.71 _- 12.71 Follow 1st App. very 

nearly, 
BC, Initial — 2.90 Follow Ist App. very 


825.2 0.516 14.52 2.90 — 


Rigging tensions :—AB = 55.2 lb. 


Case V.—Inclusion of Weight of Fabric 
(a) Zero Super-pressure (Fig. 7) 
Assumed weight of tabric=.10 lb./sq. ft. 
Weight of 4 ft. element=.4c Ib. 
Initial fabric arc length=75.6 ft. 


Total weight of arc=7.56 Ib. [ =.473 in. ]. 
Other data as for Case II(a) (Fig. 3). 


First Approximation 
Nett SV =66.8 —7.6=50. 


C.G. of Circular Fabric Arc 
Let H=centre of curvature of arc. 
of are. 
r=radius of arc. 
c=chord of arc. 
l=length of arc. 
26=angle subtended by are at I. 


2 Ib. [= 3-70 in. (correct), 


nearly, 


[ =.40/16=.025 in. ]. 


3-70 in, (actual) |. 


Then G lies on axis of symmetry of arc, and EG=r sin 6/6 or, alternativ ely, 


G=cr/l. In this case, EG=2.48 in. 
Arc. él. I. 
Required. | Actual 
- Ib. / ft. ft. ft. in. f i 
AB, Initial — 75.6 11.3 
inal s 48 1.07 76.7 11.48 11.30 
» — 76.7 11.48 11.50 


Second Approximation 


Weight of element=.4 x 75.6/76.7 =.395 Ib. [=.0247 
fabric stretch). 


Excluding weight :— 


[XV = 4.03 in. (actual) ; corre sponding value from Fig. 3p = 
is due to the weight keeping 


The increase in NV 


Remarks. 


Error | =.02in.—cor- 
rect in transferring 
to 2nd Approx. 


in.] (reduced by 


3-95 in. }. 


g the shape 


more nearly circular in the first approximation. 


Inciuding weight :— 
=64.5—7.6=56.9 lb. [= 
=85.0 |b. 


3-56 in. (actual) ]. 


value from Fig. 3p=5.26 in. (actual) |. 


=5.31 in. (correct), 5.27 in. (actual); corresponding 


| 
from 
i 
> 
igth. 
1 to 
arc 
of 
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Are. él. i. Remarks, 
Required. Actual. | 
Ib. /ft. ft. ft. in. ft. in. 
AB, Initial — — -— = 70.7 11.48 Coens from 11.50 
in. 
Trial IT-35 2lin., fixes resul- 
tant. 
» Irial 50.8 76.73 +=11.49 11.05 
(mean) 
» trial 3 — 11.49 11.54 
» Irial 4° — — 11.49 — 11.49 
Fabric tension varies along arc, owing to fabric weight :— 
T= 4 55.1 at highest point. 
48.0 at A. 
Rigging tension-=25.1 lb./ft. run cf ship for half section, =50.2 Ib./ft. 
SST i / 


run of ship for whole section. 


SUPPLEMENT 

In Part III of this paper reference was made to the case in which the ballonet 
was attached to the fabric of the main envelope. It was pointed out that the 
graphical method described in this paper was readily adaptable to the case in 
which such a ballonet was so fully inflated that it became taut, thereby pulling in 
the sides of the envelope. 

When the paper was being prepared the number of examples it was possible 
to include was limited by the time available, unfortunately. However, the above- 
mentioned case is of distinct interest, so it was decided to add an example of it 
here as a supplement to the paver. 


Case VI.—No Rigging; “‘Ballonet Case’’ (Fig. 11) 
The following are the particulars of this example :— 

Fabric assumed weightless. 

Allowance for fabric stretch included (assuming E =constant = 3,400 
Ib. /ft.). 

Gas lift—.o68 Ib./cu. ft. 

Linear scale—1 in. =5 ft. 

Load scale—1 in. = 20 Ib. 


Dimensions 
Dia of initial circle=50 ft. 
Half keel width—CC’ 


Total =78.5 ft. 
Arc BD=24)5 it. 
AD Kt. 
AE = 38.9 ft. 
EC'=r11.1 ft. 


Pressures 
Conditions assumed as follows :-— 
Air pressure in ballonet = 3 Ib./sq. ft. and gas pressure at B=1 Ib./sq. ft. 
Then gas pressure at 4= 3.5 Ib./sq. ft. and gas pressure at D 
=1.8 Ib./sq. ft. 


FIG. 11. 


ballonet cas 
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ballonet case’’ (continued 


Cuse VI, 


| 
\ 
\ | I ji; a 
de’ 
AN} / 
| 
| 
| \ 
| 
© 


(continued). 


A 

/ | \ 


ee 


THE CROSS-SECTION OF THE SEMI-RIGID AIRSHIP 719 


Method 

For the first approximation, a reasonable deflected position for point B is 
assumed. 

Using this position, the required positions of the poles to give the correct 
stretched lengths of any two of the three ares 4B, BC and BD can be deter- 
mined as before. 

The position of the third pole is fixed from the first two by considering the 
equilibrium of point 

The consequent shape of the third are is plotted. 

The required deflected position of B is such that this third arc closes the 
diagram and is of the required length. It is determined by trial. If the 
diagram fails to close correctly in any trial it is clear from inspection approxi- 
mately which way and by how much B must be moved. 

(Alternatively, the third pole may be fixed so that the third are fits correctly 
to the assumed position of B and is of the correct length. The required adjust- 
ment of the position of B is then deduced from the polar diagram by considering 
the equilibrium of this point. The former alternative is generally quicker as the 
fixing of the third are in the latter alternative may involve more than one trial.) 

It is not necessary to get a very exact solution te this first approximation. 
One or two trials should be sufficient to fix the position of B and the three ares 
fairly closely. In preparing the resulting curves for the second approximation 
they can be adjusted to mect at 2B with the correct stretched lengths. The 
second approximation will reduce and generally virtually eliminate the error 
introduced by this adjustment. 

The method for the second and any further approximations follows the same 
lines as that for the first. 


First Approximation 


Polar Diagram (Fig. 11 


> (H)=142.4 Ib. in. (correct), af=7.14 in. (actual) ]. 
= (V)=41.4 Ib. in. (correct), b,f=2.14 in. (actual) |. 
Are ab, is load diagram for fabric are AB. 
BC. 
db, DB. 


” 


From symmetry, the tangents to are 4B at A and are BD at D must be 
horizontal. Hence, the poles 0, and O,,, for ab, and db, respectively, must lie 
on the horizontal lines af and dk respectively. 

Now b,0,, represents the tension in arc AB at B, and b,O,4=0,,0). repre- 
sents the tension in are BD at B, and O,,..b, represents the tension in arc BC at 
B. The diagram b,0,,0,. is thus the force diagram for the point B. (The 
elemental load at b, occurs in Fig. 118 simply because the elements in Fig. 114 
were arbitrarily marked off in such a way as to give an elemental load at B 
in this instance.) 

Now it is clear that for any given approximation the vertical component 
of b, Oya (viz., b,k) is constant. It follows that the pole O,, for b ,¢ must lie on 
the horizontal line gh which is situated at a perpendicular distance equal to bk 
above af. The position of pole O,, is therefore readily obtainable, if the posi- 
tions of the other two poles have been fixed, by drawing 0,0; through O,.), 

parallel to b,O,,, to cut gh at O,.. 


1.—First Trial Position of Point B 


Owing to the large movement of point B from its initial position, the lines 
of action of the elemental forces on arc BD in Fig. 114 are moved closer together 
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in proportion, but it is not necessary to modify the polar diagram, Fig. 11B. 
This is a reasonable adjustment, and is found to be quite satisfactory. 


The details of the working of this first trial are given in the following 
table 


Arc. él. i. Remarks. 
Required. Actual. 
Ax Ibs. /ft. ft. ft. in. ft. in. 
AB, Initial — 54-0 10.80 
Trial 1.16 11.04 57-55 11.51 
2: 65:2 11.04 55-45 11.09 
Tal 55-2 11.04 Fixed by proportion, 
BD, Initial — 24.5 4.90 
0.17 24.7 4.94 24-4 4.88 
first trial of pt. B. 
CB, Initial — — 22.0 4-40 
in Pole for this are 


for above arcs, 
From the diagram and the fact that the are CB works out shorter than the 
required length, it is clear that point B must be moved further upwards and 
inwards. 


II.—Second Trial Position of Point B 


Point B was moved as indicated by Trial I, and the process repeated. 


Are. él. i. Remarks 
Required. Actual. | 
a Ibs. /ft. ft ft. in. ft. in. 
AB, Initial — — — — 54-0 10.80 
Trial 1 68 1.08 11.02 54-85 10.97 
» trial 2 — 55-1 11-02 11.02 Fixed from trial 1 


by proportion, 


BD, Initial — — — — 24.5 4.90 
0.17 24.7 4.904 24.05 4-81 
- Tnal 2 — — 24.7 4.94 24.5 4.90 Sufficiently accurate 


at this stage. 


CB, Initial — 


907 
Trial 106 2207 4.54 22. Sufficiently accurate 


at this stage. 

Arc CB fails to meet arcs AB and BD at point B by .1 inch laterally. Trial 
II has corrected the position of B vertically very closely, but has slightly over- 
corrected the position laterally. The error being small, no further trials are 
required for this first approximation. In transferring the arcs to Fig. 11¢ for 
the second approximation the discrepancy can be eliminated with sufficient 
accuracy by suitably adjusting the three arcs. As mentioned before, there is 
no point in attempting to get extreme accuracy of shape in the first approxima- 
tion, provided the are lengths are made correct in Fig. 11¢, 


Second Approximation 
Pressures 
In this example it is assumed that the gas pressure at any given height 
above the keel remains the same as for the first approximation. The pressures 
are then as follows :— 


Air pressure in ballonet =3.0 Ib./ft.? 
Gas pressure at A =4.40 5, 
” D = 2.45 ” 


ving 


rtion. 
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[This is clearly not essential to the method. 


It may be varied, without 


causing any change or difficulty, according to the actual conditions for the 


whole ship which are under consideration. 


For instance, a given volume of gas 


might be assumed, together with some or all of the ballonets inflated to a given 


pressure. 


Polar Diagram (Fig. 11d) 


(V)=38.8 Ib. [=1.94 in. 


H)=193.5 lb. [=9.68 in. (correct), af=9.74 in. (actual) }. 
3:5 » 74 
(correct), b,f=1t.94 in. (actual) |. 


The resultant force on the half-section is therefore more nearly horizontal 
than in the first approximation (as usual) and consequently there will be a ten- 
deney for the width of the section to increase and the height to decrease in the 


second approximation. 


Accordingly, point B will move outwards slightly. 


This 


gives an tdea of the required slope at C, which fixes the pole for are CB since 
It is therefore convenient to start from point (. 


this pole must lie on line gh. 


I.—First Trial Position of Point B 


Arc. 


Initial 
trial 


BD, Initial 
wrial 1 


2 
seals 


AB, Initial 
Lrial 4 


86 


0.10 


1.37 


Required. 
ft. in. 

22.6 4.52 

4-94 
(approx.) 

4-94 
(approx. ) 

24.6 4.92 

55-4 11.08 


Actual, 
ft. 


in. 
22.0 4.40 
22.6 4.52 
24.5 4.90 
4-79 
5-07 
24.65 
54.0 10.80 
10.30 


Remarks. 


Original unstretched 
length. 

Required length 
measured off from 
C, thus fixing B 

Original unstretched 
ength. 

Position of pole, 
which must lie on 
dk, assumed. 


Satisfactory. 


Original unstretched 
length, 

Pole is fixed for 
equilibrium of pt. 
B from poles for 
arcs CB and BD. 


It will be seen from the diagram that point B must be moved further out. 


IIl.—Second Trial Position of Point B 


Are. 
CB, Initial 


BD, Initial 
inal? 


AB, Initial 
Dral 


Ibs. /ft. 


97-4 


él. 


Required. 
ft. in. 
22.6 4.52 
24.6 4-92 
24.6 4.92 
55-4 11.08 


Actual. 
ft. 


in. 
22.0 4.40 
22.6 4.52 
24-5 4-90 
25-45 5.09 
24.6 4.92 
54-0 10.80 


Remarks. 


Required length 
measured off from 
C. 


Pole moved required 

amount by com 
parison with 2nd 
Approx., Tria 


Pole fixed from poles 
for ares CB and 
D, 


urate i 
> for 
are 
s. 
the 
and 
Ibs. /ft, ft. 
( 
04-5 0.01 
14 — 
rate 
= 
rial 
er- 
for 
ent 
na- 
| ft. 
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Ill.—Third Trial Position of Point B 


It will be seen that the required position of point B, and the corresponding 
pole positions, lie between those used in the above two trials. The required 
movement is roughly proportional to the ratio of the lengths of the trial arcs 
AB in this case for the comparatively small movements involved. 


Are. él. Remarks. 
Required 
Ibs. /ft. ft. ft. i 
CB, Initial — — — — 


> 
» Trial 1 96.0 0.6 22.6 4.52 2 52 Reauired length 


measured off from 
C. 


BA, Initial — 54.0 10.80 
» Trial 1 86.3 1.38 55-4 11.08 55-4 11.08 Correct. 


4-5 
O.11 24.6 4.92 24.05 4-93 satis 


to 


This is the required solution. It should be noted that in this case there is 
a fairly large difference between the shapes of the first and second approxima- 
tions to are BD. If extreme accuracy of shape is required it would therefore 
be desirable to obtain a third approximation, but the second should be suffi- 
ciently accurate for most purposes. 

(Notr.—The above tables record all the trials actually made, but one or two 
have not been inked in on the diagrams for the sake of clearness.) 


REVIEW 
Hydro und Aerodynamik 


(Vol. IV, Part 3, of Handbuch der Experimental Physik), edited by L. 
Schiller; Akademische Verlagsgesellschaft, Leipzig. 


The third part of the fluid dynamics section of the many-volumed Wien- 
Harms Handbook is to hand before its predecessors, which are to deal with the 
more fundamental parts of the subject, on which the present volume, dealing 
with technical applications, is based. There may conceivably be some over- 
lapping in the three volumes, as cach section is allotted to a particular author 
who, in most cases, has covered the yvround of his special province very 
thoroughly. One of the most interesting sections is that on instruments, which 
embraces. such special apparatus as multi-barographs, hot wire anemometers, 
etc. Chapters on air pumps and ballistics, which are not usually included under 
the heading of aerodynamics, will also be found in the book. 
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